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Abstract 

Theory of the quantized flag manifold as a quasi-scheme (non- 
commutative scheme) has been developed by Lunts- Rosenberg |12j . 
They have formulated an analogue of the Beilinson-Bernstein corre- 
spondence using the g-differential operators introduced in their earlier 
paper In this paper we shall establish its modified version using 
a class of g-differential operators, which is (possibly) smaller than the 
one in 

Introduction 

Let G be a connected, simply-connected semisimple algebraic group over the 
complex number field C, and let B and be Borel subgroups of G such 
that H = B n B~ is a maximal torus of G. Denote the Weyl group by W 
and the character group of H by A. We choose a system of positive roots 
C A as the weights of Lie([i?, B]). Let A"*" be the set of dominant integral 
weights. We have A = ^f^^Zroj, A+ = XlLi ^>o^i) where {cci, . . . , tu^} 
denotes the set of fundamental weights. For A G A+ we denote the irreducible 
(left) G-module with highest weight A by ^^(A). 
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The algebraic variety B = B \G is called the flag manifold for G. It has 
an affine open covering 

B=[jU^, U^ = B-\B-Bw = Spec(i?^). 

■w£W 

We have a closed embedding of B into ^{y^{wi)*) x ■ ■ ■ x ¥{y^{w()*) given 
by B~g i— > ([fi^^], . . . , [f^S']), where Vi is a non-zero element of the (right) 
G-module V^{wi)* = B.om£,{V^{zUi),C) satisfying Vih = zui{h)vi for h E H. 
Hence we have B = Proj2c(y4^) for a Z^-graded ring A^. The graded ring 
is described as follows. Let C[G] denote the coordinate algebra of G. One 
has a natural G-bimodule structure on C[G]. Then we have the identification 

A' = {^e C[G] \^g = ^{ge[B-, fi-])}, 

and the grading A^ = ^xeA+ ^"7 ^(— ^^) is given by 

A\X) = {^eA^\ifh = X{h)if {h G H)} (A G A+). 

In this paper we shall be concerned with the g-analogue Bq of the flag 
manifold B introduced by hunts- Rosenberg jT2]. Let U = Ug^g) denote the 
corresponding simply-connected quantized enveloping algebra. It is a Hopf 
algebra over the field F = Q(g^/^o), where q is transcendental and Iq is an 
appropriate positive integer. See ^ below for the precise definition. We note 
that the Cartan part of U is identified with the group algebra of the weight 
lattice A. It is well-known that a g- analogue Cg[G] of C[G] is defined as a 
Hopf algebra dual to U. Using Cg[G] one can naturally define g-analogues 
A and of A^ and i?^ respectively. A is a A-graded F-algebra and is 
an F-algebra; however, they are non-commutative. Hence in order to give 
meanings to 

(0.1) Bg = Proj^(A) = U U^^g, U^,g = Spec(i?^) 

w<^W 

we need the notion of non-commutative algebraic varieties. 

A starting point of the non-commutative algebraic geometry is the general 
fact that a (commutative) scheme X is uniquely determined from the cat- 
egory JViodiOx) of quasi-coherent sheaves (Rosenberg ^j). It was Manin 
who proposed to consider generalization of the category M.od{Ox) in the 
non-commutative setting. There already exist several works along the line of 
this Manin's idea. Theory of non-commutative projective schemes for non- 
commutative graded rings are developed by Artin-Zhang pp, Manin [TK] . 
Verevkin j2Q|, Rosenberg Theory of general non-commutative schemes 
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equipped with non-commutative affine open covering is also given by Rosen- 
berg pS]. The quantized flag manifold Bg is a non- commutative projective 
scheme as well as a general non-commutative scheme (quasi-scheme) in the 
sense of Rosenberg. 

Let us give a description of Bq as a non-commutative projective scheme. 
For a ring R we denote the category of left i?-modules by Mod(i?). For 
a A-graded ring R = ^xga ^ ^^^^ -R-module M equipped with the 
decomposition M = 0;^^^ M(A) of i?(0)-submodules is called a A-graded left 
i?-module if R{^)M{X) C M{\ + ^) for any A,^ G A. We denote the category 
of A-graded left i?-modules by ModA(-R). Let Tot/<^{A) be the full subcategory 
of ModA(yl) consisting of M e ModA(^) such that for any m & M there 
exists some G A"^ satisfying y4(^)m = {0} for any ^ G + A+. Then we 
can define an abelian category M.od{Oi3^) of "quasi-coherent sheaves on Bq 
as the quotient 

Mod{OB,) = ModA(A)/TorA(A). 
Moreover, "the global section functor" 

r : Mod{OB,) ^ Mod(F) 

is defined as follows. The natural functor 

uj* : ModA(A) ^ ModiOe^) = ModA(A)/TorA(A) 

admits a right adjoint functor 

to, : Mod{OB,) ModA(A), 

and F is defined by F(M) = (a;*M)(0). We can also define the higher coho- 
mology groups H'{M) for an object M of Mod{OB^) by H\M) = (i?T)(M) 
using the right derived functors. 

Now let us consider "P-modules on Bq" . The ring D of g-differential 
operators acting on the graded algebra A is defined by Lunts-Rosenberg [HI 
112] as follows. For ip G A let i^,r^ & EndF(A) denotes the left multiplication 
and the right multiplication respectively; i.e. = (pilj,r^{ip) = ipip for 

ijj ^ A. Define an increasing sequence 

{0} = P-^D C F^D C F^D C ■ ■ ■ C Endf{A) 

of F-subspaces of EndF(A) inductively by 

where {FpD)x^^ consists of d G EndF(v4) satisfying 
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(a) d(A(0)cA(e + A)foranyeGA, 

(b) di^ - q''^''^H^d E PP-^D for any ^ G A and ip E A{^). 

Here, ( , ) : A x A ^ Q is the restriction of a standard symmetric bilinear 
form on Q (g)^ A. Set 

D = \JfpD C EndF(A). 

p 

Then D is a subalgebra of EndF(v4), and its A-grading D = ^^^j^D{X) is 
given by 

D{X) = {dED\d{AiO)cA{^ + X)}. 

It seems to be a hard task to determine how large D is. Anyway D contains 
i^, for (f E A, operators (9„ {u E U) given by the natural action of U on 
A, and the degree operators a\ (A E A) given by ax\A{^) = q^'^'^Hd. We 
denote by D the subalgebra of D generated by the operators i^, {ip E A), 
du {u E U), ax (A G A). It is shown using the universal i?-matrix that D is 
generated by ^^p {(p E A), du {u E U), ax (A G A). 

Let A G A. We define the category ^Aod(Vs^^x) of "modules over the 
sheaf of rings of twisted differential operators 2^b,,a" by 

(0.2) Mod{VB„x) = ModA,A(^)/TorA,A(^), 

where ModA^A(-D) denotes the category of A-graded left -D-modules M sat- 
isfying (T^|M(^) = q(^^'^+0 id for any /i, ^ G A, and TorA,A(-D) is its full sub- 
category consisting of objects of ModA,A(-D) which belong to TorA(A) as 
A-graded A-modules. Here, we identify A with a graded subring of D by 
A 3 (p E D. 

Define Dx E ModA,x{D) by 

Dx = D/J2D{a,-q^>'''^). 

Since a^ belongs to the center of -D(O) we have an F-algebra structure on 
£>a(0). Then the global section functor T : JVlodiOsq) — Mod(F) induces a 
left exact functor 

fx: Mod{VB,,x) -^Mod{bxm- 

Denote the Verma module for U with highest weight A by T(A) and its anni- 
hilator in U hy Jx- By Joseph jH] the ideal Jx is generated by its intersection 
with the center of U . We have canonical F-algebra homomorphisms 

U/Jx ^ ^a(O) ^ fx{uj*Dx). 

Let p E A denote the half sum of the positive roots. 
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Theorem 0.1 (Lunts-Rosenberg). If X-\- p e A+, then the functor tx is 
exact. 

Conjecture 0.2 (Lunts-Rosenberg). IfX e A+, then f a(M) = implies 
M = 0. 

Conjecture 0.3 (Lunts-Rosenberg). For any X e A we have U/Jx — 
Dx{0)-tx{uj*Dx)- 

By a standard argument Theorem 10. If Conjecture 10.21 and Conjecture 10.31 
for A G A"*" imply the following analogue of the Beilinson-Bernstein corre- 
spondence (Beilinson-Bernstein [2 ). 

Conjecture 0.4 (Lunts-Rosenberg). For A G A+ Fa induces the equiv- 
alence of categories: 

Mod{VB„x) ~ Mod(f//JA). 

We can define Mod{VB^,x), Dx, Tx : Mod{VB^,x) ^ Mod(L'A(0)) and 
U/Jx Dx{0) Tx{uj*Dx) using D instead of D. Our main result is the 
following. 

Theorem 0.5. Comecture W.'Ji is true. 

Theorem 0.6. Theorem \U.ll Coniecture \U.^ and Coniecture UT^ for A + p G 
A+ are all true for D; that is, 

(i) If X + p E A"*", then the functor Tx is exact. 

ill) If Xe A+, then TxiM) = implies M = 0. 

(iii) For any X E A we have U/Jx — -Da(O). 

(iv) // A + p G A+, then we have Dx{Q) ~ Tx{uj*Dx). 
We can deduce the following from Theorem 10. 61 

Corollary 0.7. For A G A+ Fa induces the equivalence of categories: 

Mod{Vs^^x) ^ Mod{U/Jx). 

In Lunts-Rosenberg ^2] it is noted that a g-analogue of the formula 

(0.3) T{B, {Ob ®c V\p)) ®Os M) ~ V\p) ®c T{B, M), 

implies Theorem 10.51 We can show it using basic properties of universal R- 
matrices (Proposition 13. llTl below) . from which we obtain Theorem 10.51 The 
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proofs of Theorem 10.61 (i) and (ii) are similar to those for Theorem 10.11 and 
Theorem 10 . 51 resp ect ivelv. Our proof of Theorem l0.6l fiii) and (iv) is similar to 
that of the corresponding fact for Lie algebras given by Borho-Brylinski jHj. 
The proof by Borho-Brylinski uses the structure of the annihilators of Verma 
modules and a result of N. Conze-Berline and M. Duflo. In the quantum 
setting both the structure theorem of the annihilators of Verma modules and 
an analogue of the theorem of N. Conze-Berline and M. Duflo are already 
obtained by Joseph jH] , ^D] ■ Theorem 10.61 (iii) follows from the result about 
the annihilators of Verma modules easily; however, unlike the Lie algebra 
case Joseph's theorem giving an analogue of a result by N. Conze-Berline 
and M. Duflo does not immediately imply Theorem 10. 61 (iv) since Uq{Q) is not 
locally finite with respect to the adjoint action. We overcome the difficulty 
by the arguments used in the proof of Theorem l0.6l fi). where the assumption 
A + p G A"*" is necessary. 

Let us give a comment in order to justify the usage of D instead of D. 
Let and denote the subalgebras of Endc(^^) corresponding to D and 
D in the ordinary enveloping algebra situation. The algebra is in fact 
a proper subalgebra of by Bernstein-Gelfand-Gelfand jH Example 2]; 
however, the corresponding categories A4od{VB,x) and J^od{Vs^x) defined 
similarly to ()().2j) are equivalent since the corresponding rings of differential 
operators are isomorphic locally on B. 

We note that Theorem 10.61 and Corollary 10.71 for q = s[(2) is due to 
Hodges [7|. We also note that a different approach to the Beilinson-Bernstein 
correspondence for the quantized enveloping algebras is given in Joseph jHj. 

In this paper we shall use the following notation for a Hopf algebra H 
over a field K. The multiplication, the unit, the comultiplication, the counit, 
and the antipode of H are denoted by 



(0.4) mn-.H^^H^H, 

(0.5) r]H:K^H, 

(0.6) Ah-.H^H^^H, 

(0.7) tH-.H^K, 

(0.8) Sh:H^H 



respectively. The subscript H will often be omitted. For n G Z>o we denote 

by 

the algebra homomorphism given by 

Ai = A, A„ = (A (g) idj^®n-i) o A„_i, 
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and write 

^n{h) = ^ /i(o) • • • <8) V)- 

1 Quantum groups 

1.1 Quantized enveloping algebras 

Let g be a finite-dimensional semisimple Lie algebra over C and let [) be its 
Cartan subalgebra. We denote by A C f)*,A C i)*,W C GL{[)*) the set of 
roots, the weight lattice and the Weyl group respectively. We fix a set of 
simple roots {ai}i^i. Let A+ C f)*, A+ C {zuiji^i C f)*, {sjjjg/ C de- 
note the corresponding set of positive roots, dominant weights, fundamental 
weights, and simple reflections respectively. Set 

aGA+ i€l 

Let p G [)* be the half sum of positive roots. We denote the longest element 
of W hy Wo- We fix a VF-invariant symmetric bilinear form 

(LI) {,):i)*xi)*^C 

satisfying (cKj, CKj) e Q>o for any i e I. For i e 7 we set 

(L2) a^^2ai/{ai,ai)ei)\ 

Take a positive integer io satisfying 

(L3) io{ai, ai) C 2Z (i e /), 4(A, A) C Z, 

and let F = Q{q^^^°) be the rational function field over Q with variable q^/^°. 
In this paper ® stands for (S)w- 
For n e Z>o we set 

j-n 

[n]t = j—pr e W = -!]*••• [2]4i]t e 

The simply-connected quantized enveloping algebra U — Uq{Q) is an asso- 
ciative algebra over F with the identity element 1 generated by the elements 
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kx (A G A), Cj, fi {i G /) satisfying the following defining relations: 

(1.4) /co = l, kxk^ = kx+^, (A,/xgA), 

(1.5) kxeik^^^q^^'^^'^e,, (AG A,iG/), 

(1.6) kxfikl'^q-^^'''^^n (AGA,iG/), 

k- — k~^ 

(1.7) eifj - fjCi = 6ij- zj- G /), 

Qi-Qi 



(1.8) X] ""^^""^e.ef ) = (z, j G /, z 7^ j), 

n=0 

(1.9) i-^ft^'^'^hf^ = (i,i G /, i ^ j\ 



n=0 

1-aij 

n=0 

where 5^ = q(ai,ai)/2^ ^. ^ /^^.^ q.^. = 2(0;^, Q;j)/(Q;i, a^) for i,j G /, and 

ef^ = er/[n],J, = 

for i E I and n G Z>o. Algebra homomorphisms A : U ^ U ®U,e :U 
and an algebra anti-automorphism S : U ^ U are defined by: 

(1.10) A(kx)^kx^kx, 

A{ei) = ei®l + ki®ei, A{fi) = (g) k^^ + 1 <8) 

(1.11) e(A;A) = 1, 6(e,) = e(/,) = 0, 

(1.12) S{kx)^k^\ S{e,)^-kr'ei, S{f,) ^ -f,k, 

and U is endowed with a Hopf algebra structure with the comultiplication 

A, the counit e and the antipode S. 

We define subalgebras C/=°, U=\ U+, t/" of C/ by 



(1.13) 






1 A G A), 




(1.14) 






Cj 1 A G A, i 




(1.15) 




{kx, 


/i 1 A G A, i 




(1.16) 


[/+ = 


i'^i 1 






(1.17) 


[/- = 




i G /). 




Note that f/°, 


f/=o, [/=° are 


Hopf subalgebras of U. 



not Hopf subalgebras. 

The following result is standard. 

Proposition 1.1. (i) {/ca | A g A} is an ¥-basis ofU^. 
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(ii) {resp. U ) is isomorphic to the ¥-algebra generated by {ci \ i E 1} 
[resp. {fi I i G /}) with defining relation (jl.Sp {resp. p.9|) ). 

(iii) f/-° {resp. U-^) is isomorphic to the ¥-algebra generated by {cj, k\ \ 
z e /, A G A} {resp. {fi, kx \ i & I , X & A}) with defining relations 

(O, dlHD {resp. (HI, (USD, (USD). 

(iv) The linear maps 

u~ ®u+ ® 

induced by the multiplication are all isomorphisms. 
We define Hopf algebra homomorphisms 

(1.18) 7r+ : [/=° ^ U\ vr- : f/=° ^ f/° 

by 7r±(A;A) = A;^ (A G A), 7r+(e,) = 7r-(/,) = G /). 
For 7 G we set 

U^^ = {xeU^\ kxxk^^ = g±(^'^)a; (A G A)}. 

We have 

76Q+ 

1.2 Representations 

Let if be a Hopf algebra over a field K. For left ii-modules Vi, V2 we endow 
Vi (S>K V2 with a left if-module structure by 

(1.19) h{vi0V2) = A{u){vi0V2) {h E H,vi eVuV2 eV2). 

For a left ii-module V its dual space V* = HomK(V,K) is endowed with 
a structure of a right ii-module (i.e., a left ii°P-module, where denotes 
the algebra opposite to H) by 

(1.20) {v*h, v) = {v\ hv) {v* eV*, he H, V eV), 

where ( , ) : H* x if — > K denotes the canonical pairing. 
For A G A we define an algebra homomorphism 

(1.21) XA : f/° ^ F 
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by Xxi^ij.) = g'-^'^^ (yU G A). We can extend it to algebra homomorphisms 
(1.22) xt ■■ ^ F, Xa : U^' ^ ^ 



by Xa = Xa o vr=^. 

For a left (resp. right) [/-module V and A G A the subspace 

(1.23) Vx = {v eV \ tv = xx{t)v {t G f/°} 

(1.24) (resp. = g = XA(t)t^ (t G f/°}) 

of is called the weight space with weight A. Those A G A such that 
Vx 7^ {0} are called the weights of V. For a left (or right) tZ-module V which 
is a direct sum of finite-dimensional weight spaces we define its character by 
the formal sum 

ch{V) = ^dimV^e^. 

A6A 

We denote by Mod-^(f/) (resp. Mod^ {U°^)) the abehan category whose objects 
are finite-dimensional left (resp. right) ?7- modules which are direct sums of 
weight spaces. 

For any A G A+ there exists a unique irreducible object V{X) of Mod^{U) 
such that A is a weight of V and any weight of V belongs to A — . Any 
object of Mod^ (U) is a direct sum of this type of irreducible objects. As 
in the Lie algebra case the character of V{X) is given by Weyl's character 
formula: 

(1.25) ch{V{X)) = ^-^^^ \ (A G A+) 

(Lusztig [13] )• By ()1.25|1 we obtain the following. 
Lemma 1.2. Let 7 G Q'^. 

(i) For sufficiently large A G A+ the linear maps 

UZ^BU^ UVx G V{X)x-y, 3U^ Vlu G '^*(A)A-y 

are bijective. Here, Vx and are non-zero elements of V{X)x and 
V*{X)x respectively. 

(ii) For sufficiently large X G A"*" the linear maps 

3 uv-^ uv-x G V{-WoX)^x+j, UZ^ 3 v*_yU G V* {-WqX) -x+-i 

are bijective. Here, V-x and v*_)^ are non-zero elements of V{—wqX)-x 
and V*{—wqX)^x respectively. 
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Remark 1.3. In this paper the expression "for sufficiently large A G A"'" ..." 
means that "there exists some ^ e A+ such that for any A e ^ + A+ 

For any V G Mod^ {U) we have {V*)x ^ (Vx)* and hence ch(V^) = ch(V^*). 
For A e A+ we set V*{X) = {V{X))*. Any object of Mod^ {W'p) is a direct 
sum of irreducible submodules isomorphic to V*{X) for A G A+. We note 

(1.26) V{X)x = {ve V{X) \e,v = {te /)}, 

(1.27) V*{X)x = {ve V*{X) \vf, = {te I)}. 

For a left (resp. right) tZ-module V which is a direct sum of finite- 
dimensional weight spaces we define its restricted dual by 

(1.28) V*^ = 5]](Va)* C V*. 

AeA 

It is easily seen that is a right (resp. left) t/-submodule of V*. We have 

(y*)* ~ V, ch(y*) = ch{v). 

For A G A we define left [/-modules T(A), r*(A) and right [/-modules T,{X), 

r;(A) by 

(1.29) T(A) = [// J2 U{u-xt{u)), UX) = U/ J] {u-xl{u))U, 

(1.30) T*(A) = (T,(A))*, t;(a) = (r(A))*. 

We have 

ch(r(A)) = ch(r*(A)) = ch(7;(A)) = ch(r;(A)) 



n„eA+(i-e-" 

1.3 Universal i?- matrices 

There exists a unique bilinear form 

(1.31) ( , ) : [/=° X [/=° ^ F 
satisfying 

(1.32) {x,ym) = {A{x),yi^y2) {x G [/^°, ?/i,?/2 e [/^°), 

(1.33) (xixs,!/) = (x2®Xi,A(|/)) (a;i,X2 G [/=°, yG [/=°), 

(1.34) (k,,k,) = q-^''^^ (A,/xGA), 

(1.35) (A;a, /.) = (e„ fc^) = (A G A, ^ G /), 

(1.36) (e„/,) = 5,,/(gri-g,) (^,J G /) 
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(see Tanisaki |19j). For any j3 G the restriction of ()1.31|) to f/^ x U_p 
is non-degenerate, and we denote the corresponding canonical element of 
® UZp by H^. Set 

(1.37) S= 5^ q^^'^'\k-,'®h)Z,. 

It belongs to a completion oiU ®U. 

Let V,V' e Mod^(f/). We define ry,y' G YLouvfiy ® V\V' ® V) and 
Kyy e GL{V (S) V) by tv,v'{v (g) w') = f ' ® and Ky,y'(t; ® t;') = g^^-^^t; (g) v' 
for t; G 14, e r;. Set 

(1.38) TZvy = Ky]y, oEe End^iV V), 

(1.39) n^y, = Tvy o TZvy G HomF(r ® 1/', V' ® 1/). 

For morphisms f '■ Vi V2, /' : — > in Mod-^(f/) we have 

(1.40) (/®f )o7^v„y/ = 7^y„y,'o(/®f ), (/'®/)o7^^,,y, = K,y^o{f0f) 

by definition. 

We shall also use the following properties of TZyy (see Drinfeld jS], 
Lusztig [Hj, Tanisaki [111). 

Proposition 1.4. Let V" e Mod^ (?7). 

(i) TZvy is invertible, ant its inverse is given by 



(ii) TZyy, is an isomorphism of U -modules. 

(iii) r/ie composition of 

V®V' ® V" V ®V" ® V ^ > V" ®V ® V 

coincides with TZy^yiy,,. 
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1.4 Center 

We denote by 3 the center of U. Let F[A] = 0;^gyv ^ the group algebra 

of A, and define a hnear map C • 3 W[A] as the composition of 

U -U- ^U^ (g)U+ ''^''^'^> F O F[A] O F ~ F[A], 

where U ~ t/~ ® ® is given by the multiphcation of U, : — > F 
are the restrictions of the comultiphcation e : U —>■ ¥, and n : —>■ ¥[A] is 
the isomorphism given by K{kx) = e(A) for any A G A. Define shifted actions 
of the Weyl group 14^ on A and F[A] by 

(1.41) woX = w{X + p)-p {weW,XeA), 

(1.42) w o e(A) = e{wX) {w e W, A G A) 

respectively. Note that the action of on A is an affine action and the one 
on F[A] is a linear action. 

Proposition 1.5 (see Tanisaki [IH]). C • 3 ^ ^[M injective algebra 
homomorphism, and its image coincides with 

F[A]^° = {xe F[A] \wox = x{we W)}. 

The isomorphism 3 ~ F[A]^° induced by C is called the Harish-Chandra 
isomorphism. 

For A G A we define an algebra homomorphism 

(1.43) Ca : 3 ^ F 

as the composition of 3 F[A] ^ F where F[A] ^ F is given by e(/i) 1—^ 
q{^:t^) _ xhe following is result is standard. 

Proposition 1.6. (i) For Ai,A2 e A we have Cx^ = if o,i^d only if 
A2 G o Ai. 

(ii) For A G A+ and z & i we have z\V{X) = (x{z) id. 

(iii) For A G A and -2 G 3 the action of z on T(A) and T*(A) are given by 
the multiplication by Cx{z). 
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1.5 Braid group actions 

We set 



°o y.n(n-l)/2 

exp,(x) = 5^^-^x"GQ(t)[[x]]. 

n=0 

Note that 

For i G / define an operator Tj on V G Mod^(U) by 

Ti = exp ~i (qikifi) exp -i{-ei) exp -i{q^^k^^ fi)Hi 

^1 

= expg-i{-qik~^ei) expg-i{fi) exp^-i{-q-^kiei)Hi, 

where is the operator on V which acts by ql'^'°'' ^^^^/^ j^l on Vx for 
each A G A. This operator coincides with Lusztig's operator T-"^ in ^1 5.2]. 
We shall use the following result later (see Lusztig TI, 5.3]). 

Lemma 1.7. Let Vi, V2 G Mod^{U). As an operator on Vi^V2 e Mod^(?7) 
we have 

Ti = expg^(gr2(g. _ q-^y.^-^ ^ fiki){Ti ® T^) 
= (Ti ® Ti) expg^((gi - gr^)/. ^ e^) 

For w G ly we choose a minimal expression w = s,^ ■ ■ ■ Sj„ and set 

-til -tin- 

It is known that does not depend on the choice of a minimal expression 
and that 

T^{Vx) = V^x {V G Mod^(f/), A G A). 
For i E I we can define an algebra automorphism Tj of f/ by 



Ti(/i;^) = ksi^ (/^ e A), 

-/i^i (j = 0> 

-fc-^Ci (j = z). 



Ti(ej) 
T.(/,) 



For w G ly we define an algebra automorphism of f/ by = Tj^ ■ ■ ■ Tj„ 
where w = Si^ - ■ ■ Si^ is a minimal expression. The automorphism does 
not depend on the choice of a minimal expression. It is known that 

(1.44) T^iuv) = TMTwiv) {w eW,ueU,v eV e Mod^ (f/)). 
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Let V G Mod^(f/°P). By V* G Mod^(f/) we can define an operator 
on V by 

{'T^{v)y) = {v,T^iv*)) (v eV, v*e V*). 
Lemma 1.8. Let w eW and let A G A+. 

(i) Let V G Mod^{U). For any v and any £ G V"(A)a we have 

T-\i 0v) = T-\e) ® T-\v), T^{v ® £) = TM ® W- 

(ii) Let V G Mod-^(f/°P). For any v eV and any i G V*{X)x we have 

'T~\t <^v)= 'T~\£) ® 'T-\v), 'T^{v ® £) = 'TM ® XW- 

Proof. We can easily reduce the proof to the rank one case. In the rank 
one case they follow from Lemma fl.7l □ 

1.6 Dual Hopf algebras 

Let if be a Hopf algebra over a field K. The dual space H* = }lom^{H, K) 
is endowed with a structure of an if-bimodule by 

{hifh2, h) = (/, h^hhi) {h, h, h2eHJe H*). 

The linear maps uih, Vh, ^h, ^h, Sh induce linear maps 



(1.45) mH^='^H.{H®KHy 

(1.46) T^H* = : K ^ H\ 

(1.47) A^, = 'niH ■.H*^{H ®k H)*, 

(1.48) en^ = 'r]H ■.H*^K, 

(1.49) Sh* = 'Sh : H* H*. 



Note that we have H* H* C {H ®kH)*. 

Let T be a Hopf subalgebra of H. We assume that T is commutative and 
CO commutative. The set Homaig(T, K) of algebra homomorphisms from T to 
K is endowed with a structure of an abelian group by 

iipij){t) = J2^iHi))HH2)) i^,^ e Hom,ig(T,K),t G T). 

{t)i 

Assume that we are given a subgroup T of Homaig(r, K). 

Denote by ModT(T) (resp. ModrxriT^^T)) the subcategory of Mod(T) 
(resp. Mod(T (8>k T) consisting of finite-dimensional semisimple T-modules 
(resp. T ®K T-modules) whose irreducible factors are contained in T (resp. 
T X T). Here elements of T (resp. T x T) are identified with isomorphism 
classes of objects of the category Mod(T) (resp. Mod(T (8)k T)). 



15 



Proposition 1.9. The following conditions on f g H* are equivalent. 

(a) Hf G ModT(T). 

(b) fHeModr{T). 

(c) HfH eModrMT^mT). 

(d) There exists a two-sided ideal I of H such that (/, /) = {0} and H/I G 
ModTxT(T ®kT). 

Proof. We have obviously (c)^(a). We obtain (a)^(d) by setting / = 
Kei^H — > End^iH f)) . From (d) we obtain (c) as a consequence of HfH C 
{H/iy. The imphcations (c)^(b)^(d) is proved similarly. □ 

We denote by ^ the set oi f E H* satisfying the equivalent conditions 
in Proposition 11.91 

Proposition 1.10. A Hopf algebra structure on H^-^ is induced by the 
linear maps ()1.45p .. . . . (11.491) . 

Proof. We need to show ■mH*{H^'^ ®k H^^t) -^t.t; Vh*{^) C H^^y, 
AH*{H^r) H^r ®k H^r^ SH*{H^r) H^r- They are consequences of 
our assumptions on T and T. Details are omitted. □ 

We denote by ModT,T(-f^) the full subcategory of Mod(if) consisting of 
if-modules which belong to ModT(r) as a T-module. For M G ModT,T(-f^) 
we define a homomorphism of i!f-bimodules 

(1.50) $M : M ®K M* ^ i/f ^ 

by {^m{v ® f*),/i) = {v*,hv) ioT h e H,v e M,v* G M*. Elements of 
lm{^M) are called matrix coefficients of the if-module M. 

We denote by Modl^\{H) the set of isomorphism classes of irreducible 
if-modules contained in Modr,T(-f^)- 

Proposition 1.11. (i) We have H^^ = Y.MeModr,r{H) Im($Af). 

(ii) Assume that ModT.r{H) is a semisimple category and that EndK(M) = 
Kid for any M G ModJ^'^-fl-^)- Then the homomorphism 

of H-bimodules is an isomorphism. 
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Proof, (i) We have obviously Im($M) C H^^ for M e ModT,T{H). Let 
/ e H^^r- Set M = Hf. Let {vj}j be a basis of M and let {v*} be the dual 
basis of M*. For h E H we have 

(/, h) = {hf, 1) = Y,{^*, hf) {v„ 1) = ® ^;;), /^) (t;,, 1) 

and hence / = Ej>i. 1)'^'a/(/ ® v*) G Im(<l'M). 

(ii) By (i) we have H^^ = EMgMod¥:,(/f) ^^('^a^)- ^ ^ Mod^:^(ff) 
Im($M) is a sum of left iJ-modules isomorphic to M, and hence we have 
^r,T = 0MeMod!^'^(j^)Im($M). Let M G Mod!^;'^(iJ). We see that M 0k 
M* is an irreducible if-bimodule from Endi^(M) = Kid, and hence $m is 
injective. □ 



1.7 Quantized coordinate algebras 

Set 

(1-51) F = Uu^.. ^-°=(f^-Xo,,' P'=iU%.,,, 

where A is regarded as a subgroup of Homaig(t/°, F) hy \ ^ xx- The Hopf 
algebras F, F=°, F° are g-analogues of the coordinate algebras of G, B, H 
(in the notation of Section [U)) respectively. 
By Proposition 11.111 (ii) we have 

(1.52) FO = 0Fxa, 

AeA 

(1.53) ^=0 V{\)®V*{\). 

AeA+ 

We see easily that in we have 

XxXfi = Xa+m (A, /i e A), Xo = 1- 

In particular, is isomorphic to the group algebra of A. 
The Hopf algebra homomorphisms 

induce Hopf algebra homomorphisms 

(1.54) F^F^^^ F°, F° ^ F^o. 
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Since the composition of f/° ^ U=^ and tt^ is the identity of U^, we have 
(1.55) r+o4=id. 

In particular, Vq is surjective and i° is injective. By xt = '^+(Xa) we have 
(1-56) xtxt = xt, (A,/iGA), X^ = l 

in F^o. 

For A G A we set 

(1.57) F^°(A) = {/ G I /t = XA(t)/ (t G f/°)}. 
We see easily that 

F^°(A)F^°(/i)cF^°(A + /i) (A,/iGA), Xa G F=°(A). 

In particular, F=°(0) is a subalgebra of F=^. 
Set 

Proposition 1.12. (i) T/ie linear map F=°(0) (g) F° ^ F=° given by 
f ® f ^ f i+if) is an isomorphism. 

(ii) For f G F=°(0) ti;e /iave /If/"*" G (f/"'")*. Moreover, the linear map 
F=^{0) —>■ (f/^)* (/ ^ f\U~^) is an isomorphism. 

Proof. For / g F=°(0), /' G F° we have 

(1.58) (/^° (/'),M = {f',t){f,u) (u eu+,te f/°). 

Indeed, for m G f/+, A G A we have 

(/4(/'),fcAw) = (/®4(/'),A(A;aw)) = (/®/',(id®7r+)A(A;Aw)) 
= (/®/',A;An®A;A) = (/',A;A)(/,M). 

by 

(id(g)7r+)A(u) = n O 1 (m G t/+), {id^'K^)A{kx) = kx^ kx {X e A). 

Recall that F=° was defined as a subspace of (11-^)* . By ()1.58|) it is 
sufficient to show that coincides with F^®{U~^)'^ under the identification 
(^7=°)* = (f/0(g)f/+)*. It is easy to show F=o C FO(g)(f/+)* and F=o D F^(g)l. 
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Hence it is sufficient to show F=^ D X7 ® (f^-^)* ^^J 7 ^ Q^- Define 
M e Modc/o,A(?7=°) by 

Ar = f/^7^f/^0(fcA-l), M = N/ J2 ^V- 

AeA j-^i^Q+ 

Then the elements of Cg) (f/^)* are obtained as matrix coefficients of the 
f/=0-module M. □ 

By Proposition 11.121 (i) we obtain 

(1.59) F^' = ^F^%X), F^%X) = F^%0)xt (A G A)- 

aga 

Proposition 1.13. The Hopf algebra homomorphism r+ : F ^ F=° is 
surjective. 

Proof. Identify F=° with F° ® (f/^)* by Proposition 11.121 We see easily 
that xa ® 1 G Im(r+) for any A G A. Hence it is sufficient to show that for 
any 7 G we have Im(r+) D X-A+7 ® (f^^)* for sufficiently large A G A+. 
Let v_A be a non-zero element of V{wqX)^\. By Lemma 11.21 fii) the linear 
map 3 u\~^ uv^x ^ WoA)_a+7 is bijective when A is sufficiently large. 
Hence elements of X-A+7 ® {U^Y are obtained as the matrix coefficients of 
the f/=°-module V{-WoX). □ 

2 Quantized flag manifolds 

2.1 Homogeneous coordinate algebras 

We set 

(2.1) A = {^eF \ <^u = e{u)<^ {u G U')}. 

Lemma 2.1. (i) A is a subalgebra of F. 

(ii) A is a left U -submodule of F . 

(iii) We have Af{A) ^ A® F . 

(iv) The multiplication A® A^ A is a homomorphism of U -modules; i.e. 

(2.2) u(v9o(y9i) = ^(M(o)(y9o)(u(i)V9l) ((y9o, V^l G ^, M G f/) • 
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Proof, (i) For G -F we have G A if and only if ipfi = for any i E I. 
We have 



for any i G / and u E U, and hence (pi(p2 G A. 

The statement (ii) is obvious from the definition. 
For ip E A,u E f/^, Ml, U2 G f/ we have 

{{A{ip)){u (g) 1), Ml (g) U2) = {A{(p),uui ® U2) = {(p, UU1U2) = {(fu, U1U2) 
=e{u){ip, U1U2) = e{u){A{(p), ui ® U2) 

and hence (A(v9))(m O 1) = e{u)A{Lp). It follows that A{^) E A® F. The 
statement (iii) is proved, 
(iv) For u' E U we have 



{lf„u) = {lj,u) = e{f,u) = 
for any u E U, and hence 1 E A. For y^i, (y92 G A we have 



((V5lV52)/i,M) = {^Hp2,fiU) = ((^1 (g) V92, A(/iU)) 

= {ifii ® ^2, (/* ® + 1 ® /i)A(M)) 



{u{ipo(pi),u') = {(foifi^uu) = {ifio® ipi,A{u')A{u)) 




□ 



By Lemma 12.11 (iii) we obtain an algebra homomorphism 



(2.3) 



A : A 



A(^F 



by restricting Ap to A. 
For A G A we set 



(2.4) 



A{X) 



{^EF\ipu = Xx{u)^ (uEU^'')}. 



By ff07|l we have 

A~ V{X)(^V*{X) 



X 



AeA+ 

under the isomorphism ()1.53|1 . Hence we have 



(2.5) 
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as a tZ-module, and 

(2.6) A=^A{X). 

AeA+ 

For each A e A+ we fix 

(2.7) vleV*iX),\{0}. 
Then an isomorphism 

(2.8) fx : V{X) ^ A{X) 
of [/-modules is defined by 

{Mv),u) = {vl,uv) {veV{X),ueU). 

Let A, /X e A+. Then the [/-module V{X)(S>V{ij) (resp. the right [/-module 
V*{X) (g) V*{ii)) contains V{X + jj) (resp. V*{X -\- jj)) with multiplicity one. 
Let 

lx^^■.v*{x + ^)^v*{X)®v\^J) 

be the embedding of [/-modules such that i\,iji.{y\j^^ = v\® v*, and denote 
the corresponding projection by 

(2.9) px,^,■.V{X)®V{^x)^V{X + ^x). 
Lemma 2.2. For A, ^ e A+ we have 

fx{vo)ffi{vi) = fx+fi{px,i^{vo ® ^;i)) {vq e V(A), vi e V{i^)). 

In particular, the multiplication of the algebra A induces a surjective homo- 
morphism A{X) (g) ^(/i) A{X + 11) of U -modules. 

Proof. For u eU we have 

{fx(vo)f^^{vl),u) 
= {fx{vo) fi,{vi),A{u)) = ^{fx{vo),u^o)){f^civl),u^l^)) 

Hi 

=(^a,m(^a+m)> i*(^o «) vi)) = {vl+^,Px,^,{u{vo vi))) = {vl+^, upx,t,{vQ ® Vi)) 
^{fx+^i{pxA'^o®vi)),u). 

Hence we have f\{vo)f^{vi) = fx+^{p\,^{vo ® vi)). □ 
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Hence A is a A-grade F-algebra with A{0) = ¥1. 
By Joseph i9j we have the following. 



Proposition 2.3 (Joseph). (i) A is a domain, i.e., ifipij = for(p,ip g 
A, then we have (p = or ip = 0. 

(ii) A is left and right noetherian. 

For a ring (resp. A-graded ring) R we denote by Mod(i?) (resp. ModA(i?)) 
the category of left i?-modules (resp. A-graded left i?-modules). For M G 
ModA(i?) and z/ e A we define M[u] e ModA(/2) by 



(MH)(A) =M{X + u). 



2.2 Category of quasi-coherent sheaves 

For M G ModA(y4) we denote by Tor(M) the graded A-submodule of M 
consisting of m G M such that A{X)m = {0} for sufficiently large A G 
A"*". Let Toya{A) be the full subcategory of ModA(^) consisting of M G 
ModA(^) satisfying M = Tor(M). Note that Tot\{A) is closed under taking 
subquotients and extensions in ModA(^). Let E denote the collection of 
morphisms / in ModA(^) satisfying Ker(/), Coker(/) G TorA(v4). Then 
we define the abelian category Ai{A) of "quasi-coherent sheaves" on the 
"quantized fiag manifold Bq" by 

(2.10) A^(A) = M£^ = S-ModA(A) 

TorA(v4) 

(see Gabriel-Zisman |6j and Popescu JH] for the notion of localization of 
categories). For z/ G A we denote by 

M{A) 3 M[iy] G M{A) 

the exact functor induced by ModA(v4) 3 M ^ M[u] G ModA(A). 
Let 

(2.11) uo* : ModA{A) ^ M{A) 

be the canonical localization functor. We have the following by the definition. 

Lemma 2.4. (i) u* is an exact functor. 

(ii) Let f be a morphism in Mod\{A). Then uj* f is an isomorphism if and 
only if the kernel and the cokernel of f belong to TorA(v4). 
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By Popescu |161 Ch4, Corollary 6.2] we have the following. 
Proposition 2.5. The ahelian category M. (A) has enough injectives. 

It is shown using Proposition 12.51 that there exists an additive functor 
(2.12) uj^ : MiA) ModA(A) 

which is right adjoint to uj* (see Popescu ^16i Ch4, Proposition 5.2]). Note 
that a;* is left exact. By Popescu 110 Ch4, Proposition 4.3] we have the 
following. 

Proposition 2.6. The canonical morphism uj* ou^ Id is an isomorphism. 

Corollary 2.7. Let M e ModA(v4). Set N = uj^uj*M and let f : M N 
be the canonical morphism. Then N and f are uniquely characterized by the 
following properties. 

(a) Ker(/) and Coker(/) belong to Tota{A). 

(b) Tor(iV) = {0}. 

(c) Any monomorphism N ^ L with L/N & Tor a (A) is a split morphism. 

Proof. Let f : M ^ N = uj^uj*M be the canonical morphism. We have also 
a canonical morphism g : uj*uj^:{uj*M) —>■ uj*M, and the composition gooj*f : 
uj*M — >• uj*M is equal to id^j-M by the definition of the adjoint functors. 
Since g is an isomorphism by Proposition I2.fi[ uj* f is also an isomorphism. 
This implies (a). If T is a subobject of iV = u}^u}*M belonging to TorA(A), 
then we have 

Hom(T, A^) = Hom(T, tu*tu*M) ~ Hom(cu*T, cj*M) = Hom(0,cj*M) = 0, 

and hence T = 0. The statement (b) is proved. To show (c) it is sufficient to 
show that the homomorphism Hom(L, N) — > Hom(A^, N) induced by — L 
is surjective. By uj*M ~ uj*N ~ uj*L we have 

Hom(L, A^) ~ Hom(cu*L, u;*M) ^ Hom(cj*M, cu*M) 

and similarly Hom(A^, A^) ~ IIom(ci;*M, uj*M). Hence we have Hom(L, A^) ~ 
Hom(Ar, N). 

Assume that the conditions (a), (b), (c) are satisfied for some f : M ^ 
N . By (a) uj* f is an isomorphism. Let h : N ^ uj^uj*N be the canonical 
morphism, and define g : N uj^uj*M hj g = {uo^uo* f)^^ oh. Then the kernel 
and the cokernel of g belong to TorA(A). Hence by (b) we have 'Kei{g) = 0. 
By applying (c) to g we see that Coker^g) is isomorphic to a subobject of 
LU^,uj*M, and hence Coker(5f) = 0. □ 
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We define the "global section functor 



1} 



(2.13) 



T -.MiA)^ Mod(F). 



by r(M) = {lj^M){0). Note that T is left exact. Its right derived functors 
are denoted by 



2.3 AfRne open covering 

For each w & W and A G we fix a non-zero element of A{X)^-ix- Note 
that we have dimA{X)^-ix = 1. By Lemma IT^ we have c^c^ G W^c^^^ for 
any w e Vl^ and A, G A"*", and hence 



is a multiplicative subset of A for any w G PF. Moreover, we have the 



Proposition 2.8 (Joseph [9J). Let w eW. 

(i) 5*^ satisfies the left and right Ore conditions in A. 

(ii) The canonical homomorphism A S~^A is injective. 

We shall give a proof of Proposition 12.81 different from the one in P . We 
need the following. 

Lemma 2.9. LetweW, /i G A+, and fix v^-i^ G \ {0}. 

(i) For any A G A"*" 



(2.14) 



H'' = R'T -.MiA)^ Mod(F). 



(2.15) 




AeA+ 



following. 



V{X + fi) 



is injective. 



(ii) Let 7 G . For sufficiently large X G A^ we have 



(V(A)^-i(A-^) (g)f, 



) = V{X + f^)^-^x+^,—f)■ 
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Proof. By Lemma fl. 81 we may assume that w = 1. 

(i) Let M and N be ?7-submodules of V{X)<»V{fi) such that M ^ V{X+fi) 
and V{\)^V{fi) = M®N. It is sufficient to show {V{\)x-y®Vf,)nN = {0}. 
for any 7 G Q^. We shall show this by induction on 7. It is obvious for 
7 = 0. Assume 7 G Q"*" \ {0},t' G V(A)A-7,f ® G A^. Then we have 
ejf (S> = 64(1; ® Vfj) G for any i G /. Thus we have ejf = for any i E I 
by the hypothesis of induction. Hence we obtain v = 0. 

(ii) By (i) the linear map 

Px,^\V{X)x-j ® Vf, : V{X)x-j ®Vf,-^ V{X + /i)A+/.-7- 

is injective. Hence it is sufficient to show dim V^(A)a-7 = dim V(A + /i)A+/x-7 
when A is sufficiently large. This follows from Lemma \l.2l □ 

Proof of Proposition 12. 8L It is sufficient to show the following. 

(a) For any ip E A and s E there exists some t E and ip E A 
satisfying tip = ifjs. 

(b) For any ip E A and s E S^, there exists some t E and ip E A 
satisfying ipt = sip. 

(c) \i ips = Q ioi (p E A and s E Sw, then we have ip = 0. 

(d) If Sip = foT ip E A and s E Sw, then we have ip = 0. 

Let us ffist show (a). We may assume s = and ip = f'q{m) for some 
X,rj E A+ and m E V{r]). We may further assume that m E V{ri)w-i(ri-"f) 
for some rj E . Then we need to find fi,^ E A"*" and n E V{C,) such that 
— /c(^)ca • -By Lemma 12.21 it is sufficient to show the existence 
of /i, ^ G A+ and n E V{C,) such that /i + 77 = ^ + A and p^j.^-qivyj-i^ ® m) = 
P(,x{n^Vw''^x), where f^-iA and v^-i^ are non-zero elements of V{X)w-^x and 
V^(yu)^-i^ respectively. Take sufficiently large ^ G A"*" and set/i = ^ + A — ?7G 
A"*". By Pfj,,n{vw-if_i ® m) G + A)^t,-i(g+A-7) the assertion follows from 
Lemma (2.91 (ii). 

Let us show (c). We may assume that there exists X, fi E A"*", 7 G and 
m E such that s = and = f^{m). By Lemma IT^ we have 

P/i,A(^ ® ?^w)-ia) = 0, where v^-^x is a non-zero element of ^(A)^-ia. Then 
we obtain m = by Lemma f2. 91 (i). Hence v? = 

The statements (b) and (d) are proved similarly. □ 

Since S^, consists of homogeneous elements, S~^A is a A-graded F-algebra. 
We define an F-algebra by 

(2.16) i?^ = (5^M)(0). 
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Note that for any A G A ^^^^(A) is a free left (right) i?u,-module generated 
by c^jlc^j)"^ where A = Ai — A2 with Ai, A2 G A"*". In particular, we have an 
equivalence of categories 

ModA{S-^A) ^ Mod(i?^) 

given by 

ModA{S~^A) 3 M(0) G Mod{R^), 

Mod{R^) S;,'A N G ModAiS-'A). 

For any M G Tor a (A) we have S'~^M = by the definition of TorA(A), and 
hence the localization functor ModA(^) — > ModA(5'~^A) induces an exact 
functor 

(2.17) r^:M{A)-^Mod{R^) 

for any w G W. Mod(i?^) is regarded as the category of "quasi-coherent 
sheaves on the affine open subset Uw^q = Spec{Rw) of Bg" . 

Proposition 2.10 (Lunts-Rosenberg [12j). M{A) is a quasi-scheme 
with Zariski cover {j^ \ w G W} in the sense of Rosenberg '^181. In par- 
ticular, a morphism f in Ai (A) is an isomorphism if and only if j^f is an 
isomorphism for any w E W . 

Remark 2.11. An essential part in the proof of Proposition I2.1()l is to show 
the following fact: For any fi G A+ one has 

J2 AWc; = A{x + 

for any sufficiently large A G A"*". The proofs of this fact given in Joseph 
P and Lunts-Rosenberg 12^ both use the reduction to the case q = I. One 
needs another proof in order to define the quantized fiag manifold at roots 
of unity as a quasi-scheme. 

Corollary 2.12. For M g ModA(^) the canonical homomorphism 
is injective. 
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By Proposition 12. lOl one can use the general results in Rosenberg JH] for 
quasi-schemes. Especially we have a description of the cohomology groups 
in terms of certain Cech cohomology groups. 

Using the Cech cohomology groups and the arguments involving the re- 
duction to the case q = 1 Lunts- Rosenberg P3l III, §4] obtained the following 
analogues of Serre's theorem and the Borel-Weil theorem. 

Proposition 2.13 (Lunts-Rosenberg [12J). Let f : M ^ N be an 

epimorphism in Mod;^{A). Assume that M,N are finitely- generated as A- 
modules. Then the homomorphism 

r{uj*M[x]) r{uj*N[X]) 

is surjective for sufficiently large A G A+ . 

Proposition 2.14 (Lunts-Rosenberg [O]). For \ e A we have 



T{A[X]) = 
In other words we have A ~ uJt:UJ*A. 




(A G A+) 
(A ^ A+). 



2.4 Schubert varieties 

The contents of this subsection will not be used in the sequel. 

Let w G W. Since F is a sum of finite-dimensional right f/-submodules 
contained in Mod^([/°P), we can define the operator : F ^ F. Let 

: F — >• F be the linear map defined by iwif) = (*T^(v5), I) for ip E F, and 
define 

(2.18) e^:A^¥ 

to be the composition of the inclusion A "-^ F with e^. 

Lemma 2.15. e^; is an algebra homomorphism, and we have €^{3^) C F^. 

Proof. By *T^(1) = 1 we have e^jil) = 1. Let us show ew{ipip) = ew{ip)e^{ilj) 
for ip,ip E A. We may assume that (p G A{X),'ip G A{fi) for A,/i G A"*". Then 
we have ip = f\{vi), ip = f^{v2) for some Vi G V{X),V2 G V{^). For u E U 
we have 

{ip,u) = {vl,UVi), {l/j,u) = {V*UV2), {ipij,u) = {vl®V*u{vi®V2)), 
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and hence 

Hence we obtain ewi^P'ip) = e«)(v^) by Lemma lL8l For A G A"*" take 
Vw-'^x £ yWw-^x \ {0} such that = fx{vw~ix)- Then we have {c'^,u) = 
{vl, uVw-'^x) for u E U, and hence 

□ 

By ew{Sw) C the algebra homomorphism is uniquely extended to 

(2.19) : 5"^ F. 
We define an algebra homomorphism 

(2.20) ^w-A^ F=° 
as the composition of 

Lemma 2.16. (i) Elements of ^u]{Sw) o,fe invertihle in F=^. 

(ii) We have $^(A(A)) C F=°{w-^X) for any A G A. 

Proof, (i) Let A G A+. Take v,^~ix G V{\),^-^ix \ {0} such that = 
fx{vw-^x)- Then for n G f/ and x G f/-" we have 

((id(g)r+) o A(c^),M (g) x) = {cx,ux) = {v*x,uxv^-ix)- 

Therefore, we have 

($^(c^),x) = CT^{v*x),xv^-ix) = xt-ixi^)CTU<),v^-ix). 

By *T^(w^) G \^*(A)^-iA \ {0} we obtain $t„(c^) = xt-^x ^ non-zero 

constant multiple. The statement (i) is proved. 

The proof of (ii) is similar and omitted. □ 

By Lemma 12.161 (ii) Ker($t„) is a graded ideal of A. The A-graded F- 
algebra 

(2.21) A^ = A/Ker($J 

is a g-analogue of the homogeneous coordinate algebra of the Schubert variety 
corresponding to w G W^. 
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3 Quasi-coherent sheaves with ^/-actions 
3.1 The algebra U 

Recall that A is a left tZ-module by Lemma l2?T] (ii). We sometimes write this 
action of f/ on A by 

We have also a left A-module structure on A given by the left multiplication. 
By Lemma 12.11 (iv) we have 

duiv^) = ^<9„(„)(v5)9„(^)(V') {ueU, ^,ip e A), 
(")i 

and hence A is a module over the F-algebra U generated by the elements 
{a \ a & A} U {u \ u & U} satisfying the fundamental relations: 

(3.1) W^ = ^i^ {'fi,'f2^A), 

(3.2) u^u^ = uru^ {ui,U2eU), 

(3.3) ulp = '^du^o){^)u{i) {ueU,ipeA). 
For u & U and y9 G A we have 

{u)l (u)2 

by ()3.3|) . and hence 

(3.4) = X M(iy95-i„(„j ((^) {ueU, ipeA). 

Hi 

By a similar calculation we see that ()3.4p implies ()3.3|) . Hence we can replace 
()3.4j) with ()3.3|) in defining U. Rewriting ()3.3|) and ()3.4|) in terms of generators 



of U we 


obtain 










(3.5) 


kxTp = 


dk^{<^) kx 


(AG A, 




G A 


(3.6) 


e~Tp = 








G A 


(3.7) 


fi^ = 


¥fi + dfX^)k;^ 






G A 


(3.8) 


Tpkx = 




(AG A, 




G A 


(3.9) 


Tpel = 




(^e J, 




G A 


(3.10) 


^fi = 


fiTp - kr^ dk^fXv) 






G A 
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Proposition 3.1. The linear maps 

ii:A<S)U^IJ {(f <S> u ^ Ipu), i2 U <S> A ^ U {u <S> (fi ^ ulf) 
are bijective. 

Proof. We can define an F-algebra structure on A(S>U hy 

Then an algebra homomorphism j : U A® U is defined by 

j{(fi)^(fi<S)l {(peA), j{u)^l<^u (ueU). 

Moreover, ii is an algebra homomorphism, and we have joii = id, iioj = id. 
Thus ii is an isomorphism. Similarly, i2 is an isomorphism. □ 

We shall regard A and U as subalgebras of U by the embeddings 

A ^ U {(p ^if), U ^ U {u ^u), 

and we sometimes write ip and u for ip and u. 

Note that U is naturally a A-graded F-algebra by 

U{X) = A{X)U = UA{X) (A e A), 

and A is an object of ModA(C/). 

Proposition 3.2. Let w eW. 

(i) Sw satisfies the left and right Ore conditions in If. 

(ii) The canonical homomorphism U — > S~^U is injective. 
Proof. It is sufficient to show the following. 

(a) For any d & U and s & S^; there exists some t & Sy^ and d' & U 
satisfying td — d's. 

(b) For any d e U and s E there exists some t e and d' e U 
satisfying dt — sd'. 

(c) If = for d e [/ and s e Syj, then we have d — 0. 

(d) If (is = for (i e [/ and s e Su,, then we have d = 0. 
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In proving (a) and (b) we only need to deal with the cases d = & A and 
d = u E U. The case d = ip E A is already known since satisfies the 
left and right Ore conditions in A. The case d = u E U is a consequence of 
. . , and the case d = ip E A. The statements (c) and (d) follow 

from Proposition 13. II since satisfies the left and right Ore conditions in A 
and since A ^ S:^^ A is injective. □ 

By Proposition 13.21 (i) we have 

(3.11) S;,'A(E)aU ^ s;,'u c^U(E)aS;,'a. 

Moreover, for any M G Mod\{U) we have 

(3.12) S-^M = S~^A ®aM = S-^il ®ijM e Mod^^S-^U). 

In particular, S~^A is a [/-module. We write the action of U on S^^A by 

(3.13) U®S7jA^S-^A {u®^^dum. 
Lemma 3.3. For any w eW we have 

(3.14) u^ = Y, du,, (^)n(i) {ueU, S-'A) 

(")i 

m S-^U. 

Proof. Set X = {kx, Cj , fi \^\ e A, i e I}. For u eU and s G ^u, we have 
= J2{u)i ^"(0) (■5)^(1) ^w^U, and hence 

e{u)l = du{l) = 9„(ss"^) = (ms)(s"^) = ^5„^j,j(s)a„(^j(s"^). 

Ml 

Considering the case -u G A' we obtain 



d,Mdk,is~') = 1 (AG A), 

dfXs)d,-.{s-') + sdfXs-') = (tel). 
We can rewrite them as 

dk,{s-')d,,{s) = 1 (AG A), 

dfXs-')d,-.is) + s-'dM = o it el), 
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which gives 

(3.15) J2^'^io^-^~'^KM = e 
Hence for u ^ X and s G S*^ we have 

/ (")2 Hi 

in S^^U . Here, we have used fl3.15|) and the fact that for any m G A* A(u) is 
a sum of the elements oi X ® X . Hence we have 

Hi 

Let if G "S*^^^- We can write it as = s^'^ip for s G S'^, ip & A. Then we 
obtain 

(3.16) ^/y? = MS" V = XI "^"(0) = XI "^"(0) (^~^)'^«{i) (^)"(2) 

(li)! {'it)2 

for any u & X. In particular, we have 
(3.17) 

(«)2 (m)i 

for any m G A'. By flTTHl) . (ITTTI) we obtain (Hni) for u G Af. Since A" 
generates ?7, fl3.14|) holds for any -u G f/. □ 

Remark 3.4. We can give a more conceptual proof of Lemma f3. 31 using the 
right y4-module structures on A and S~^A given by the right multiplications. 

Proposition 3.5. Let w . The U-module structure on S'^'A is char- 
acterized by the following conditions: 

(a) The inclusion A S~^A is a homomorphism of U -modules. 

(b) Foru G U,ipQ,ifi G we have du{voVi) = ^«(o)(V5o)<9„(i)(v5i). 

Proof. The ?7-module structure ()3.13j) obviously satisfies the condition (a), 
and it satisfies (b) by Lemma [3.31 

Assume that we are given a [/-module structure 
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satisfying (a) and (b). For s G S*^ and u E U we have 

(«)i 

by (a) and (b). In particular, we obtain 



dkAs-')dk,{s) = I (AG A), 

Hence we have 



By (b) we have 

for any ip & A. It implies that the action of the generators of U on 5*"^^ is 
uniquely determined from the [/-module structure of A. The uniqueness of 
the [/-module structure on 5""^^ satisfying (a) and (b) is verified. □ 

3.2 Global section functors 

In this subsection C denotes a A-graded F-algebra satisfying 

(3.18) C contains A ClS db A-graded subalgebra, 

(3.19) Sw satisfies the left and right Ore conditions in C for any 

w eW, 

(3.20) A{X)C{ij) C C(/i)A(A) for any A, /i G A. 

Note that A and U satisfy the conditions dSHHI), dSHHI), Another ex- 

ample will be the A-graded F-algebra D, which will be introduced in Section 

We have an obvious exact functor 

(3.21) : ModA(C) ^ ModA(A) 
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given by restricting the action of C to A. Its left adjoint functor is given by 
(3.22) F* : ModA(A) ^ ModA(C) {M ^ C ®a M). 

The condition ()3.2()j) imphes the following. 

Lemma 3.6. Let M G ModA(C). Then Tor(M), which is a priori an object 
o/ModA(v4), is in fact an object o/ModA(C). 



Set 



ModA(C) _ 



(3.23) M{C) := = S^^ ModA(C), 

TorA(C) 

where TorA(C) denotes the full subcategory of ModA(C) consisting of M G 
ModA(C) with F^:M G TorA(^), and E^; is the collection of morphisms / in 
ModA(<^) satisfying FJ G S. Let 

(3.24) uj*c : ModA(C) ^ M{C) 

be the localization functor. Similarly to the case C = A, the abelian category 
A4{C) has enough injectives and we have a left exact functor 

(3.25) ujc. -.MiC)^ ModA(C) 

which is right adjoint to u^. The canonical morphism o ujc* — > Id is an 
isomorphism and we have the following. 

Lemma 3.7. Let M e ModA(C). Set N = uJc*^cM and let f : M N 
be the canonical morphism. Then N and f are uniquely characterized by the 
following properties. 

(a) Ker(/) and Coker(/) belong to Tor a{C) . 

(b) Tor(A^) = {0}. 

(c) Any monomorphism N —>■ L with L/N E TorA(C) is a split morphism. 
We define a left exact functor 

(3.26) Tc : M{C) Mod(C(0)) 

by Tc{M) = {uJc*M){0). 

By the universal property of the localization functor there exists uniquely 
an exact functor 

(3.27) F, : M{C) ^ M{A) 



34 



such that the following diagram is commutative: 



ModA((:7) 



ModA(A) 



M{A). 



Lemma 3.8. There exists uniquely an additive functor 
(3.28) F* : M{A) ^ M{C) 

such that the following diagram is commutative: 

ModA(A) — ^ ModA(C) 



MiA) 



MiC). 



Proof. By the universal property of the localization functor it is sufficient to 
show F*(E) C Ec. Let / : M — be a morphism in S. The corresponding 
homomorphism S~^A^aM — > S'^A^^N is an isomorphism for any w & W. 
By Proposition 12. lOl we have only to show that the corresponding morphism 
S:^^A ®A C ®A M S^^A ®A C ®A N is an isomorphism for any w e W. 
This follows from S~^C - ® ^ C ~ C S'^A. □ 

Lemma 3.9. The following diagram is commutative: 

F. 



M{C) 
ModA(C) 



M{A) 



ModA(A). 



Proof. We have a sequence of morphisms 

F^. o ojc* ^ uj^ o UJ* o F^ o ujc* = Ci^* o o u;^ o uc* = cu* o F*. 

Hence it is sufficient to show that g : F^uJc,^M uj^uj*F^,uJct.M is an isomor- 
phism for any M. By 

u* o F^: o ojc* = F^ou^ o uJc* = F^ = oj* o uj^: o F^ 



uj*g is an isomorphism, and hence Ker(5f), Coker((7) G TorA(A). 
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By Tot{F^,llJc*M) = and KeT{g) G Tor a (A) g is a. monomorphism. 
Hence it is sufficient to show that the injective homomorphism 



gi : Hom(L, F^Wc^M) llom{L,uj^uJ*F^uJc*M) 

is surjective for any L. By 

}iom{L,iu,uj*F,uJc,M) ~ Rom{uj*L,uj*F,uJc,M), 
Hom(L, F^uocM) ~ Hom(u;JF*L, M) ~ Hom(F*cu*L, M) 

Hom(L, F=i,ci;c*M) and Hom(L, ti;*ciJ*F*ct;(7=KM) depend only on uj*L Let a G 
Hom(L, c<j=kC<j*F*co'c*M). Set Li = Ker(L — > Coker((7)). Since Coker(5f) be- 
longs to TorA(yl) we have L/Li G TorA(A), and hence we have uj*Li ~ uj*L. 
Therefore, we can replace L with Li. Then a\Li is clearly contained in the 
image oi gii- □ 

In view of Lemma f3. 91 we shall often drop the subscript C in ujci, and Fc 
and write them simply as uo,, and F. 

Let be a full subcategory of ModA(C) closed under taking subquotients 
in ModA(C), and set 

K. = K/Tota{C) nK = 

where E is the collection of morphisms in K whose kernel and cokernel belong 
to TorA(C) n K, and denote hj uf : K ^ }C the localization functor. Let 
j : K ^ ModA(C) be the embedding. By the universal property of the 
localization functor we have a functor j : K, ^ M.{C) such that the following 
diagram commutes: 

K ModA(C) 



/C —r^ M{C). 

j 

Lemma 3.10. j is fully faithful. 

Proof. We need to show that the canonical homomorphism 

(3.29) }lomic{cJ*M,uj*N) Hom^(c)(w^M, cj^A^) 

is an isomorphism for M, N E K. We may assume Tor(M) = Tor(A^) = {0}. 

Assume that uJ* f o {uj*s)~^ belongs to the kernel of ()3.29|1 . where f : L ^ 
N is a morphism in K and s : L ^ M belongs to S. By Tor(M) = Tor(A^) = 
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{0} we have Tor(L) = Ker(s) C Ker(/), and hence we may assume that 
Tor(L) = {0} by replacing L with L/Tor(L). Since uJ* f o (a7*s)~^ belongs to 
the kernel of ()3.29|) . we have uo'^fo(ijj*^s)~^ = 0, and hence u^f = 0. It means 
that there exists t : R ^ L, which belongs to S^, such that / o t = 0. By 
Tor(L) = {0} we have Tor(i?) = Ker(t). Hence we can assume Ker(t) = {0} 
by replacing R with R/Tot{R). Then i? is a subobject of L, and hence t 
belongs to S. It follows that Lj*f = 0, and hence cJ*/ o (ZJ*s)~^ = 0. 

Take a morphism u;^/o(co'^s)~^ in Ai{C), where / : L — > is a morphism 
in ModA(C) and s : L M belongs to Sc. By Tor(M) = Tor(iV) = {0} we 
have Tor(L) = Ker(s) C Ker(/), and hence we may assume that Ker(s) = 
{0} by replacing L with L/Tor(L). Then L is a subobject of M and hence 
belongs to K. Hence uj^f o (uJqs)~^ is in the image of ()3.29p . □ 

3.3 The vector bundle E^^ associated to V{fi) 

The contents of Sections 13 .31 13.41 except for Proposition 13.131 below are due 
to hunts- Rosenberg [12] . Some of the proofs are also included for the conve- 
nience of the readers. 

Let fi G A"*". Following hunts- Rosenberg ^21 we shall define an A- 
bimodule E^^, which is a g-analogue of the vector bundle Ojs ®£, V^{fi). 

Set 

(3.30) Ef" = ® A. 

We endow E'^ with a right A-module structure by {v f)^^ = f ® fip for 
V G V{fi) and (fjip & A. We identify E^ with A (g) V{fi) via the isomorphism 

and define a left A-module structure on E^^ = A®V{^) by ipi^ip^v) = ipip®v 
for V G V[ii) and ip,ip & A. Note that r] is well-defined since A is a sum of 
[/-submodules belonging to Mod-^{U). 

Lemma 3.11. (i) For ip^ip & A and e G E^^ we have {'■pe)ip = (f{eip). 
(ii) We have a commutative diagram 

Vifi) = V{fi) 

A ® V{fi) V{fi) ® A, 

where the left {right) vertical arrow is given hy v ^ 1 ® v [resp. v i— *■ 
V (g) 1). 
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Proof, (i) Let m : A Abe the multiplication of the algebra A. It is 
sufficient to show that the composition of 

A ® V-(^) A ^ V{^i) ®A®A V{^i) ® A 

gives the left action of A on = V{fi) (g> A. This is equivalent to showing 
that 

(idy(^) (g)m) o (r^ o id^) o (id^ ®r]) : A®A(^ V{fi) V{fi) O A 
coincides with 

r]o{m® idv(^)) : A(^A® ^(/i) (g) A. 

Indeed we have 

(idy(^) ®m) o (t] idA) o (idA ^r]) 
= (idv(M) ®"^) ° i'^AVip) ® i^A) o (idA ®^A,y(^.)) 
= (idy(M) ®"^) 

=r]o (m(g)idy(^)). 

Here the second equality is a consequence of Proposition 11.41 (iii), and the 
third equality follows from p.40|) . 

(ii) Note that ^(0) = Fl is isomorphic to the trivial [/-modules V^(0). We 
need to show that 7^y(Q) y(^) : V{0) V{fi) V{fi) V^(0) is equal to idv'(^) 
under the identification V^(0) ® V{fi) ~ V{fi) ® V'(O) ~ V{^) of fZ-modules. 
This follows from the definition of 7^y(o) v{n)- '-' 

By Lemma fH. Ill (i) E'^ is an A-bimodule. By Lemma fH. Ill (ii) we have a 
canonical embedding V{fi) E'^ such that the actions of A on E^ from the 
left and the right induce A^V{fi) ^ E^^ and V{fi) (g) A ^ E^^ respectively. 

For A G A we set 

(3.31) E^iX) = V{i2)®A{X) C E^". 

By T]{A{X) ® \/(/i)) = \/(/i) (g) A{X) we have E^'{X) = A{X) ® K(/i) under the 
identification E'^ = A® ^(/^)- Moreover, we have 

= E'^iX), AiOE'-iX) C E^i^ + A), E'^iX)AiO C E^i^ + A). 

AeA+ 
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Let M G ModA(^). We have a natural left A-module structure on ®a 
M ^ V{^) ® M induced from the left action of A on E^. Moreover, we have 
Ef'^AM e ModA(A) by (E^ (g)A M)(A) = V{iJ,) ® M(A), and we obtain an 
exact functor 

(3.32) E^" ®A (•) : ModA(A) ^ ModA(A) 

sending M to (g)A M. 

Lemma 3.12. The functor fl3.32|) induces 

0A (•) ■.MiA)^MiA). 

Proof. It is sufficient to show that for any M G Tor a (A) we have E'^ 
M G TorA(A). This follows from A{^){V{iJ,) (g) m) C ® A{^)m for any 

me M. □ 

Proposition 3.13. For any M e M{A) we have 

®A cJ*M ~ uj^iE'' ®A M). 

Proof. Choose a filtration 

\/(^) = V''D D ■ ■ ■ D D y° = {0} 

of V^(/u) consisting of [/-"-submodules V'^ satisfying dimV'^ /V''^^ = 1, and 
consider the corresponding filtration 

E'' = E''D ^"-1 ^ ...^ D E'^ = {0} 

of the right A-module E'^ = V{fi) ® A given by E'' = V'' ^ A. By the 
definition of the left A-module structure on E'^, especially by the fact that S 
belongs to a completion of U 0U-^, we see that E'' is a left A-submodule for 
any k. Let e Abe the weight of V''/V''~^ and take G V{fi)^^ such that 
V"'^ = ¥vk © V'^^^. Let Vfc be the corresponding element of the A-bimodule 
E^ / E'^'^. For any Lp G ^(A)^ we have LpVk = q~^'^'^'^^Vkf by the explicit form 
of S. 

For G A we define an automorphism hi, of the graded F-algebra A 
by h„{Lp) = g-^'^'^V for ^9 G ^(A)^. For G ModA(v4) we define hlN G 
ModA^) by 

h^N ~ {hl{n) ^ n) as grade F-modules 
^{hlin)) = /i:((/i.(^))n) (y. G A, n G N). 
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Then we have E'' / E'' ^ 0a N ~ h^^N as a graded A- module. Note that /i* 
induces exact functors 

hi : ModA(A) ^ ModA(/l), hi : M^A) M{A) 

satisfying u^^hl = hluj^. 

Let M G M.{A). We have morphisms 

: E'^ ®A tu,M ^ cu^E'^ ®A M), 

in ModA(^) functorial with respect to M such that 

cu*$'^ : cu*(E'= ®A tu,M) ^ cj*cj,(E^ ®A M), 

: uj*{E''/E^-'^ ®a ^ uo*uo^{E^ / E^'^ ®a M) 

are isomorphisms. Note that i?^ ®a (•) and E^ / E^~^ ®a (•) on A^(y4) are 
defined similarly to E^^ ®^ (•) on M.{A). 
Note that \E''^ is an isomorphism by 

E^/E'''^ ®A UJ.M - hlujd ~ uJilM ~ uj,{E^/E^-^ ®a M). 

Let us show that is an isomorphism. The surjectivity is proved by 
induction on k using the following commutative diagram whose rows are 
exact. 

> tJ.C^;*-! M) ► w^E*^ M) > (8)A M) 

Since uj*(^^ is an isomorphism, Ker($'^) belongs to TorA(v4). Hence, in order 
to prove that is injective, we have only to show Tor(i?'^ ®a oj^.M) = {0}. 
By Tor(w,M) = {0} (see Corollary Elj) it is sufficient to show Tor(E'= ®a 
N) = {0} for any N with Tor(A^) = {0}. The image of Tor(E^ ®a N) 
under E'' ®a N ^ E^ / E'"'^ ®a N is contained in Tor{E'' /E'"'^ ®a N) ^ 
Tor{hl^N) = {0}, and hence Tor(E^ ®a N) C Tot{E''-^ ®a N) = {0} by 
induction on k. 

We have obtained the desired result by considering the case k = n. □ 
Remark 3.14. By Proposition EUHl we obtain 

r{v{fi) ®M) = r(E^ ®A M) = ®A r(M) = v{fi) ® r(M) 

for any object M of As noted in Lunts- Rosenberg IV, 6.6 Remark] 

this implies Theorem IU.5I 
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3.4 Filtration of 

Define a left t/-module structure on E''^ = V{iJ,) ^ Ahy 

u{v (8) </?) = ^^(o)^; <E) ii(i)</' {u e U,v e V{fj,), (p e A). 

Hi 

Since r) is an isomorpfiism of [/-modules, we have 

(3.33) u{ipeip) = ^{u(o)(p){u(i)e){u(2)^) {u e U, ip,^; e A, e e E'^). 

For M e Modf^{U) a left [/-module structure on ®a M is defined by 

(3.34) u{e <^m) = Y^ U{Q)e U{i)m {u & U, e e E^, m e M), 

and it gives a A-graded left [/-module structure on E^^ ®a M. Moreover 
E^ (•) induces an exact functor 

(3.35) Ef" ^a{*) : M{U) ^ M{U). 
We fix Ao e A+ such that 

(3.36) Ao -I- e A"*" for any weight u of V{ijl), 
and set 

(3.37) E'" = V{ii) ( ^(A)) C V{ii) ®A^E^. 

AeAo+A+ 

The following is obvious from the definition. 

Lemma 3.15. E^ is a graded (A, A)-submodule and a U-submodule of E*^. 
Moreover, E^^/E^ belongs to TorA(A) as a graded left A-module. 

We fix a labeling {z/i, . . . , z/^} of the set of distinct weights of V{fi) such 
that z/j — Uj G A"*" implies i ^ j. In particular, z/i is the lowest weight Wq^ 
and Ur is the highest weight /i. Set rrij = dim V {11)1, j. For A G Aq -l- A+ we 
have 

r 

r(A)c.0y(A + z.,)®™^ 

as [/-modules since 

r 

ch{W{X)) = ch{V{n) ® A{\)) = J2 ch(y(A + uj)) 
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by Weyl's character formula. Define a filtration 



(3.38) 



{0} = < c < c • • • c = 



of E consisting of graded [/-submodules by 



k 



Lemma 3.16. E'^ is an {A, A)-submodule of E^. 



Proof. Let A e A0+A+ and let T be a [/-submodule of ^^(A) = V{fi)(^A{X) 
isomorphic to V{X + Uf). Let ^ G A"*". Then TA{C,) is the image of T (8> ^(0 
under the homomorphism E (A) (S> ^(0 9 e h-^ e(/9 G ^'^(A + of U- 
modules. Hence TA{^) is a t/-submodule of E^{X + ^) whose weights are 
contained in A + ^ + i/* - A+. It follows that TA{C) C 0*^i V{X + ^ + z/j)®"*^ , 
and hence E'^ is a right A-submodule. The assertion about the left module 
structure is proved similarly. □ 

For k = 1, . . . , r we set 



of graded right A-modules and U -modules. 

(ii) Identify A^'^^ [1/^]®™''' with A^''^[i'k\ W™-'' . Then there exists a group 
homomorphism t : A ^ GLm^(¥) such that ^{(pv) = {id ®T{^))ip^{v) 
for any ip G A{^),v G eI/eI_^. 

Proof. For simphcity we set M = E'^/e1^_^ and N = 74(^)[i/fc]®™*. 
(i) As ^/-modules we have 



AC') = A{X). 



It is a graded (A, A)-submodule and a CZ-submodule of A. 



Lemma 3.17. (i) There exists an isomorphism 




(AG A0 + A+), 
(otherwise) . 
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For A G Ao + A+, ^ E A+, c G A{^)^ \ {0} we have linear maps 

(3.39) M(A)a+., 3v^vceM{\ + Oa+5+.„ 

(3.40) NiX)x+u, 3v^vceNiX + Oa+5+.,. 

Let us show that they are isomorphisms. Considering the dimensions it 
is sufficient to show that they are injective. Since A is a domain, ()3.40|) 
is injective. Set M = E^. Then the projection E^/E^^^ induces 

M(A)A+;/fc — M(A)A+;/fc. Hence the injectivity of ()3.39j) follows from the 
injectivity of M{X)x+Vk ~^ M{X + ^)A+5+;yj,, which is a consequence of E^ C 
V{^i) ® A. 

Hence there exists a family I3\ : M{X)\+y^, N{X)\^i,^ (A G Aq + A"*") of 
linear isomorphisms satisfying (3\{v)c = Px-^^{vc) for any A G Aq + A+, ^ G 
A+, V G M(A) A+i/j., c G ^(Oc- From this we obtain an isomorphism $ : 
M — >■ of graded [/-modules given by 

^(uv) = upx{v) (ueU, A G Ao + A+, vE M(A)a+.J. 

It remains to show the commutativity of the diagram: 

M(A) ® A(0 > M(A + 

N{X)®A{0 ^ N{X + 

for A G Ao + A"*", C, G A"*". Here the horizontal arrows are given by the right 
A-module structures. In particular, they are homomorphisms of [/-modules. 
Therefore the assertion follows from the commutativity of 

M(A)a+., ®A(0€ ^ M(A + 0a+5+-, 



$ig)id 



Ar(A)A+., ® A(Oc > N{X + OxH+u,. 

(ii) Similarly to the proof of (i) it is sufficient to show that there exists a 
group homomorphism r : A — > GLm^(¥) such that $(cf) = (id (8>r(^))c$(f ) 
for any ^ G A+, A G Ao + A+, c G A{^)^,v G M(A)a+,.,. 

Let ^ G A+. Considering the linear isomorphisms ()3.39p . ()3.40p for A = Ao 
we obtain r(,^) G GLmj,(F) such that $(cm) = (id (8)r(^))c$(m) for any 
c G ^(0^, m G M(Ao)Ao+.^fe- Let c G ^(C)^, c' G yl(r/)^, m G M(Ao)ao+i.,- 
Then we have 

$(c(mc')) = <l>((cm)c') = <l>(cm)c' = ((id (g)r(^))c$(m))c' 
= (id ®r(0)c($(m)c') = (id (g)r(0)c($(mc')), 
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and hence we obtain $(cm) = (id (8>r(^))c$(m) for any ^ G A+, A G Aq + 
A+, c G m G M(A)a+.,. We have r(0) = id and r(Or(e') = r(e + a 

for any G A^, and hence r is extended to a group homomorphism r : 
k-^GL^,i¥). □ 

Lemma 3.18. Lei f : Ei E2 be a morphism of A-graded A-himodules 
such that Ker(/), Coker(/) G TorA(A) as graded left A-modules. Let M G 
ModA(^), and let f : Ei ®^ M ^ E2 (S>a M be the corresponding morphism 
m ModA(A). Then Ker(/), Coker(/) G TorA(A). 

Proof. By the assumption we have S'^Ei ~ S^^E2 for any w G W. Thus 

®^ M) ~ 5-1^1 ®^ M ^ 5^ ®A M ~ 5-1(^2 ®A M). 

Hence we have uj*{Ei M) ~ lj''{E2 ®a M) by Proposition ITTTH This is 
equivalent to Ker(/), Coker(/) G TorA(A). □ 

Hence we have the following. 

Lemma 3.19. E^ ®^ (•) and E^ (•) o^^e isomorphic as functors from 
M{A) to M{A) and from M{U) to M{U). 

Let M G ModA(A) (resp. Modf^iU)). By Lemma EH we have uj*(E^' ®a 
M) = uj*{E'' (g)A M). Hence the fihration 

{0} = E^o CE'", C ■ ■ ■ CE^, =E'' C E'' 

of E^ induces the sequence 

{0} = uj*(e'^(^aM) ^uj*(e1®aM) ^ > u*(e'"^^aM) = u*iE^'^AM) 

of morphisms in A4{A) (resp. A4{U)). 

Lemma 3.20. Let M e ModA(A) (resp. ModA{(j)). 

(i) We have the exact sequence: 

^ uj*{K-i ®A M) ^ cj*(E^ ®A M) ^ uj*{(El/^'i_^) ®A M) 0. 
m A^(y4) (resj). A^(t/)). 

(ii) We have an isomorphism 

uj*{{El/El_,) ®A M) ^ u*M[v,f^K 
in M{A) {resp. M{U)). 
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Proof. The statements for U easily follow from those for A, and hence we 
shall only consider the case M e ModA(^). 

(i) Since (•) (S>a M is right exact, we have an exact sequence 

O^K^ El_^ ®aM ^El(dAM (^fe/^Li) ®A M ^ 

for some K G ModA(^). Since uj* is exact, it is sufficient to show uj*K = 0. 
This is equivalent to S~^K = for any w E W, which is also equivalent to 
the injectivity of S-\E''^^^ a M) S-^(eI ®a M) for any w eW. Thus 
we have only to show S'^^Tor^(£^^/£^^_^, M) = for any w G W. By Lemma 
13. 171 there exists an exact sequence 

of graded A-bimodules, where F is isomorphic to ^[z/fc]®™* as a graded right 
A-module and C belongs to Tor a (A) as a graded left A-module. By C G 
Tor A (A) we have S~^C = and hence 

S;^'Tot-a(E':/eU,M) = Torl{S-\E':/K-i),M) = W^S-'F^M) 
=S~'Tot'X{F,M) = 

for any n ^ 0. 

(ii) By the proof of (i) we have S^\{eI/eI^;) ®a M) - S-\F ®a M) 
for any w eW, and hence u* {{E^f. / E^^_^ ®a M) ~ uj*{F ®a M). Hence we 
have only to show that F ®a ^ is isomorphic to yl[z/fc]®™'= ®a M as a grade 
left A- module. Note that under the identification F = A[z/fc] ® F"^* of right 
A-modules the left yl-modules structure on y4[z/fc]®F'"'= induced by the one on 
F is given by ip{il)®v) = iptp ®t{X)v for G A{X),iIj G y4[z/fc],f G F™*, where 
T : A GLmk (F) is a group homomorphism. Thus we have an isomorphism 

5:F®A M(= {A\uk] ® F'"'=) ®a M) ^ A[z/fc]®'"'= ®a M(= F'"'^ ® M[uk]) 

of grade left A- modules given by 

5{l®v ®m) = T{Xy^v ®m {v e F™\ m G M[z/fc](A)). 

□ 

Considering the cases k = 1 and k = n we have obtained, for M G 
ModA(^) (resp. Modx{U)) , the canonical monomorphism 

(3.41) if,:uj*M^uj*{E>'®AM[-Wofi]) 
and the canonical epimorphism 

(3.42) p^:uj*{E^®aM)^uj*M[ij] 

in Ai{A) (resp. Ai{U)), which are functorial with respect to M. 
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3.5 The affine open subset Ui^q 

In this subsection we shall investigate S^^A. We denote hj l : A Si^A 
the canonical algebra homomorphism. 

For each A G take v\ G ^(A)a such that {vl,vx) = 1. Then we have 
{c\,u) = {vl,uvx) for any u eU. For simplicity we write Cx instead of c\. 

Define r : A — > F='^ as the composition of 

A^F'-±. F^'. 
By r{cx) = Xx there exists a unique algebra homomorphism 

(3.43) : S^^A F=° 
such that o L = r (see (ll.56|) ). 

Proposition 3.21. (i) is an isomorphism of¥-algebras. 

(ii) is an isomorphism of U-^ -modules, where the U-^-module structure 
on S^^A is the restriction of the U -module structure given in Proposi- 
tion\S.5[ 

(iii) 0{{S{^A){X)) = F^O(A) for any A G A. 
Proof. By definition we have 

e,(c^V) = g-(''"')c^^(e,^), fc^(c^V) = g-("'^)c^^(A:^^), 
e^{xtxV) = g-^^'^'^X^Ale^y^), KixlxV) = q-^^''htx{k,^), 

for z G /, /i G A, A G A+, ip G A,(p E F=^. Moreover, r is a homomorphism of 
[/-^-modules. Hence ^ is a homomorphism of ?7-°-modules. 

By definition we have r{A{X)) C F=°(A) for any A G A"*". In particular, 
we have r{xt) ^ i^-°(A). Since ^ is a ring homomorphism, we obtain 

(3.44) 0{{S^^A){X)) c F=\X) (A G A). 
By (fTTS^ and it is sufficient to show that 

0o = 0\iS^'Am:{S^'Am-.F^%O) 

is an isomorphism. Assume that x G Ker(6'o). There exists some A G A+ 
and if G A{X) such that x = ^c^^. Then we have if G Ker(^) fl ^(A). Take 
V G V{X) such that ip = fx^v). By / G Ker(^^) we have 

{V*{X),v) = {vlU^\v) = {vlU^%) = {0}. 
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This implies v = 0. Hence a; = 0. 

It remains to show the surjectivity of 6q. By Proposition 11.121 (ii) it is 
sufficient to show that for any 7 G there exists some A G A"*" such that 
the hnear map 

nA),_,-(f/+r {v e{Mv)c~,')\u^) 

is surjective. By definition we have 

= {ir+{fx{v))),u) = {vlu,v). 
Hence we obtain the desired resuh by Lemma fl.2l □ 

Proposition 3.22. For any A G A {S{^A){\) is isomorphic to T*{\) as a 
U -module. 

Proof. By Proposition II .121 and Proposition l3.21l we have ch((S'f ^A)(A)) = 
ch(T(A)) = ch(T*(A)). Moreover, the restricted dual ((5f^A)(A))* is a rank 
one free right [/"''-module. Hence ((S'f^y4)(A))* is isomorphic to Tr(A) as a 
right [/-module. It follows that we have (5fM)(A) ~ (Tr(A))* = T*(A). □ 



3.6 Coherent sheaves with ?7-actions 

Let Mod^([/) be the full subcategory of ModA([/) consisting of objects M of 
ModA(f/) such that M = ^^^^ Ma, and let Mod{(i/) be the full subcategory 
of Mod^(f/) consisting of objects M of Mod\{U) such that M is finitely 
generated as an A-module. 

Let M G Mod{{U). Since M is a finitely generated A-module, we have 
dimM(^) < 00 for any ^ G A. Hence we have M(^) G Mod-^(U) for any 
^G A. 

Let 

(S^^)-iModl(f/), 
(S^)-iMod((f/), 

where and are the collection of morphisms in Mod^(f/) and Modj^({7) 

whose kernel and cokernel belong to Tota{U) fl Mod^(f/) and Toy\{U) fl 
Modj[(C/) respectively. Denote by 

ul : Mod((^) ^ M'^iU), u) ■ Mod{{U) (U) 



(3.45) 
(3.46) 



Mod^(f7) 



TorA(f/) n ModX(?7) 

Mod{{U) 
ToTA{U)nMod{{U) 
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the localization functors. 

We shall regard M^{U) and {U) as full subcategories of M{U) by 
Lemma [3. 101 We sometimes write uj* instead of cu* and uj*j. 

Proposition 3.23. u;*yl[A] is an irreducible object of (U) for any \ e A, 
and any irreducible object ofAi-^{U) is isomorphic to uj*A[X] for some A G A. 

Proof. Let us show that ti;*y4[A] is irreducible. We may assume that A = 0. 
Assume that M is a non-zero subobject of uj*A. Set M = uj^M . Then M is 
a subobject oi A = uj^:UJ*A (see Proposition 12 . 14jl . and we have M = uj*M by 
uj*ouj^. = Id. Since M is non-zero, there exists some fi G A+ such that M{fi) ^ 
{0}. Since A{^[i) is an irreducible [/-module, we have M{fi) = A{^). It follows 
that M D 0gg^+A+ A(0 by Lemma and hence A/M G TorA(A). Thus 
we have M = uj*M = uj*A. 

Assume that M is an irreducible object of M^{U). Take M G Mod((f/) 
such that uj*M = M. We may assume Tor(M) = {0}. By M ^ {0} there 
exists some ^ such that M(0 7^ {0}. Note that M(0 G Mod-^(f7) as^a U- 
module. Take an irreducible f/-submodule V of M(^) and set N = UV = 
AUV = AV C M. By A^/Tor(A^) ~ ^ {0} we have uj*N ^ {0}. Hence the 
irreducibility of M = uj*M implies uj*M = uj*N. Thus we may assume that 
M = UM{^) and that M(^) is isomorphic to V{^) as a fZ-module. Hence 
M is isomorphic to a quotient of ^] = ^[— ^] ® y{lA- follows that M 
is isomorphic to a quotient of uj*E^[—E]. By Lemma 13.151 and Lemma 13.201 
there exists an increasing sequence 

= A/'o C A^i C ■ ■ • C Ar„ = uj*E^' 

of subobjects of uj*E^^ G M.{U) such that for each k we have Nf^/Nk_i ~ 
co'*y4[Afc] for some A^ G A. This implies that M is isomorphic to ti;*y4[Afc — Q 
for some k. □ 

Lemma^ 3.24. For M G ModliU) {resp. M G Mod((L^)) we have u^u*M G 
ModliU) {resp. M G Mod{(?7)). 

Proof. Assume that M G Mod\{U). By Corollarv ITT^ uj^uj*M is a sub- 
object of 0^^^ S~'M. Since 0^^^ S-'M G Modl(t/), we have uj,uj*M G 
Modliij). _ 

It remains to show that cu^M is a finitely generated A-module for any 
M G M^iU). By Proposition O and Proposition {TM we may assume 
that M = uj*A[X\ for some A G A. In this case the assertion follows from 
Proposition ITHl □ 

We need the following result later. 
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Lemma 3.25. Let w eW. Let M e Mod\{U) and set 

r(cu*M)^"^ = {me T{uj*M) I dimp Urn < oo}. 

Then the canonical homomorphism T{u*M)^'^^ (S'^^M)(0) is injective. 

Proof. By Lemma IH.24I we may assume that M ^ uj^uj*M. Take m G 
T{uj*Mf'' = M(O)^''. Let N be the t/-submodule of M generated by m. 
Then belongs to Mod{(f/), and the canonical morphisms T{u!*N) — >■ 
T{lj*M) and {S~^N){0) {S~^M){0) are injective. Hence we may assume 
that M e Mod{(?7). In this case we have T{uj*M)^'' = T{uj*M) by Lemma 
IH.24I Assume that there exists a short exact sequence 

u*Mi uj*M2 uj*M-i 

in M.^ {U). Then we have a commutative diagram: 

> V{to*Mi) > T{uj*M2) > T{uj*M^) 

> S-'M^ > S-'M2 > S-'M; > 

whose rows are exact. Hence we may assume that M = yl[A] for some A G A 
by Proposition 13 . 231 In this case the assertion is a consequence of Proposition 
EIHand the injectivity of A ^ S'^A. □ 

4 i^-modules 

4.1 ^-differential operators 

For G v4, M G f/, A G A we define r^, du, ctx G EndF(y4) by 

for ip G A{fi). We define a subalgebra D of EndF(A) by 

(4.1) D = {£^, r^, du,ax\^eA,ueU,\eA). 
For A G A we set 

D{X) = {deD\ d{A{0) c A{X + e A)}. 

Since £^,r^ G -D(A) for ip G A{\) and du,crx G -D(O), we have 

(4.2) ^ = ^(A), D{0) = {du,ax | m G t/,A G A). 

AeA+ 

In particular, D is a A-graded F-algebra. 
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Lemma 4.1. Write 

J2 g^^'^Hi ® h)is ® id)(s^) = J2^p^yp 

I3&Q+ V 

[see Section fOI for the notation). Then we have 

(4.3) = ^Lp^dy^k^a-^ {i) e A{^i\), 

V 

(4.4) ^^ = Xl'^?/pAfce^-A {^^A{\\). 

V 

Proof. Let e ^(A)^,^/' G v4(/i)^. Take fo G ^(A)^,?;! G l^(/i)r, such that 
= /a(^^o), = Set TC = 7^^(^)y(A)• By Proposition O (ii) we 

have 

{(pip, u) = {ip^ ij, A(m)) = {vl (g) f *, M(t;o (g) f i)) 

=(i;* ® t;;, 7^^«(7^^)"l(^;o ® t^i)) = (*(7^^)(^^: ® <), n(7^^)-'(^^o ® ^i)) 

By i;^f/I^ = {0} for /3 G Q+ \ {0} we have \n'^){vl v*^) = q-i^'f'^v*^ v^. 
By 

p 

we have {Tl'^)^^{vo ® fi) = g'^^'''^ Xlp^p"^! ® Hence 

P 
P 

It follows that we have 

p 

□ 

Corollary 4.2. VFe /iave 

(Tx\ f e A,u eU,X e A) = {r^, du,(Tx\(p e A,ueU,\e A). 
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We can easily check the following. 



(4.5) 






{ip,^ G A) 


(4.6) 






(A,/i G A) 


(4.7) 


dudu' 


duu' 


(m,m' g U) 


(4.8) 






(A,/i G A,(/? G A(/i)) 


(4.9) 


(y\du 


= duCTx 


(A G A,M G f/) 


(4.10) 




= d 


(u G f/, V? G ^) 



Ml 

In particular we have homomorphisms 

d:U^D (u^du), e-.A^D (if^i^), 
a : F[A] {A3 X^a^) 

of F-algebras. Moreover, d and i induces a homomorphism 



(4.11) U^D (y^u^i^du) 
of A-graded F-algebras. In particular, we have 

(4.12) i^du = $^5n(,/s-i.(o)^ {ueU, ipe A). 

Ml 

by dsa). 

By Proposition 11.61 (ii) we have 

(4.13) d, = aoCiz) (^G3) 

where C • 3 ^[M Section IT^ 

We shall identify A with a subalgebra of D via the injective F-algebra 
homomorphism i : A ^ D (the injectivity follows from Proposition 12.31 (i)). 

Proposition 4.3. Let w eW. 

(i) 5*^ satisfies the left and right Ore conditions in D. 

(ii) The canonical homomorphism D —>■ S^^D is injective. 

Proof. It is sufficient to show the following. 

(a) For any d E D and s E Sw there exists some t E Sw and d' E D 
satisfying td = d's. 
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(b) For any d E D and s E there exists some t E and d' E D 
satisfying dt = sd' . 

(c) If = for (i G -D and s G Syj, then we have d = 0. 

(d) If (is = for d G -D and s G S*^, then we have (i = 0. 

The statements (a), (b) is proved similarly to Proposition l3.2[ The statement 
(c) follows from Proposition 12. HI (i). The statement (d) is equivalent to the 
injectivity of D ^ D ®a 5'^^v4. By hunts- Rosenberg [HI Section 1.2] D 
D ®^ S~^A is injective for a ring D containing D, and the assertion for D 
follows from this. □ 

Hence S~^D is a A-graded F-algebra, and we have 

Moreover, for M G ModA(-D) we have 

S~^M = S-^D ®dM e ModA(5^'l)). 

In particular S~^A is a graded S^^D-module. 

Since A is a sum of t/-submodules contained in Mod'^(?7), we have the 
operator T^, : A ^ A. For d G End]F(y4) we set 

ZUd)=T^'odoT^eEndf{A). 

Proposition 4.4. Z^^ induces an algebra automorphisms of D and an alge- 
bra isomorphism S^^D S^^D. 

Proof. We see easily that Zs^{du) = dj^-i^^yZg^^a^) = for any u E U 
and G A. For G A we have 

Z,XW)=Tr\^T,W)=miTr\^®T,im 

since the multiplication m : A^ A ^ A is a. homomorphism of [/-modules. 
By Lemma fl.7l we have 

Tr^ = exp^-i(-(g, - gr^)/, ® e,)(Tri ^ ^-i^ 

as an operator on A ® A. Write expg-i(— (gj — q^^)fi ® Cj) = J2pK ® ^p- 
Then we have 

P 
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and hence 

p 

for any E A. Similarly, we can show G D for any ip E A. Hence 

Zw induces an algebra automorphism of D. 

It remains to show Zy;{lsi) — ^5™- It sufficient to show that for w G 
W, i E I such that w{ai) G A+ we have Zg.^is^) = ^s^s^- Let ip G Syj. Take 
A G A+ such that ip G y4(A)^-iA\{0}. Then we have T."V e ^(A)s,u,-ia\{0}. 
By {siW~^\,a() = —{X,wa^) ^ we obtain 

P 

□ 



4.2 Category of D-modules 

Applying results in Section l3^ to C = D we have the localization functor 



u;* = u},: ModA(Z}) ^ A^(Z}) := = ModA(D) 

and its right adjoint 

= ujd. ■■ M{D) ModAp). 
Taking the degree zero part of cu* we have the global section functor 

(4.14) V : M{D) ^Mod{D{Q)). 
Define a functor 

(4.15) C : Mod(L'(0)) ^ M{D) 

by C{N) = uj*{D ®_D(o) N), and we call it the localization functor. Since 
D ®D{o) (•) : Mod(D(0)) ModA(£') is left adjoint to ModA(£') 3 M ^ 
M(0) G Mod(D(0)), we have the following. 

Lemma 4.5. The functor L : Mod(L'(0)) M{D) %s left adjomt to T : 
M{D) Mod(L'(0)). 
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For A G A we denote by MocIa.aI-D) the full subcategory of Mod\{D) 
consisting of M G ModA(-D) satisfying (T^|M(^) = id for any n,^eA. 

Let 

<"^) = To..("rnMod!,(Z)) = ^"-^(^)- 

where I1d,x is the collection of morphisms in ModA.A(-D) whose kernel and 
cokernel belong to TorA(D) fl ModA,A(-D), and denote by 

ul : ModA,A(/^) ^ Mx{D) 

the localization functor. 

We shall regard M.\{D) as a full subcategory of Ai{D) by Lemma EUDl 
and we often write u* instead of 

Lemma 4.6. For M e ModA,A(^) we have {R'uj^){uj*M) G ModA,A(I^) for 
any r. 

Proof. For G A and N G ModAl^*) we define h^^ : N N hj h%\N{^) = 
for any ^ G A. We see easily that is a morphism in 
ModA(-D). Moreover, h'^ is functorial with respect to in the sense that for 
a morphism f : Ni ^ N2 in ModA(-D) we have h'^^ o / = / o /i^^. 

Let us show {R^u^){u*h'^) = ^(7jr^^)(^.Af) ^- functoriality 

of h'^ stated above, it is sufficient to show uj^uj*h^j^ = h^^^*^- Let j : N ^ 
ujjfUJ*N be the canonical morphism. By the definition of adjoint functors we 
have u^:U*h'^oj = joh^, and by the functoriality of /i^ we have h^^^*i^j°3 = 
j o h'^. Hence we obtain uj^u*h'^ = h'^^^*j^ by 

}iom{u^u*N,u^iu*N) ~ }iom{uj*uj^uj*N,uj*N) ~ Hom(o;*A^, a;*A^) 
~Hom(A^, uj^uj*N). 

Here we have used cu* o c<j^, ~ Id and the fact that u* is left adjoint to u^. 

By M G ModA,A(/^) we have hi, = q^'''^^ id. Hence /ifH'-^,)(-*Af) = 
{R''uj^){uj*h1j) = q^'^'^\R'uJ^){uJ* id) = g^^-^^ id, from which we obtain the 
desired result. □ 

By Lemma the restriction of lu^ : M{D) ModA(-D) to Ma{D) gives 
a left exact functor 

(4.17) ^A*:-MAp)^ModA,Ap). 
We have 

RomM,(D){ujlM,ulN) ~ }lomM(D){uJ*M,uj*N) 
c^}iomModA{D)iM,uj^uj*N) ~ HomModA,;,(D)(M, cua^^^^A^), 
and hence the functor cja* is right adjoint to ujy 
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4.3 Beilinson-Bernstein correspondence 

Define Dx E ModA,A(£') by 

(4.18) Dx = D/J2Dicx^-q^^''^) 

Since cr^ for fi E A belongs to tlie center of D{0) we have a natural F-algebra 
structure on 

^A(0) = D(0)/5^Z^(0)K-g('^'^)). 

Since -D(O) is generated by the elements of the form du, cx^ for u E U, fx E A, 
we have a natural surjective algebra homomorphism U — > Dx{0). Set 

Jx = Y,Uiz-Uz)). 

By ()4.13|) we have Jx C Ker([/ ^ Da(0)) and hence we obtain a surjective 
algebra homomorphism 

(4.19) U/Jx ^ /^a(0). 
By Lemma f4. 61 we obtain a left exact functor 

(4.20) r, : Mx{D) ^ Mod(D,(0)) 

as the restriction of F : JV[[D) Mod(D(0)). By restricting the functor 
C : Mod(L'(0)) M{D) to Mod(DA(0)) we obtain a right exact functor 

(4.21) Cx:Mod{Dxm^Mx{D). 
We see easily the following. 

Lemma 4.7. The functor Cx '■ ^od{DxiO)) MxiD) is left adjoint to 
Tx:MxiD)^ModxiDiO)). 

The rest of this paper is devoted to proving the following theorems. 

Theorem 4.8. (i) If \ + p e A+, then Tx : MxiD) ^ Mod(DA(0)) is 
exact. 

(ii) Assume X E A+. IfTx{M) = for M E MxiD), then we have M = 0. 

Theorem 4.9. (i) The canonical homomorphism U/Jx Dx{0) is an 
isomorphism for any X E A. 
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(ii) Assume A + p G A+. Then the canonical homomorphism -Da(O) 
rx{uj*Dx) is an isomorphism. 

By a standard argument Theorem 14.81 and Theorem 14.91 imply the follow- 
ing. 

Theorem 4.10. Assume X e A+. Then Tx : Mx{D) Mod{U/Jx) gives 
an equivalence of categories, and its inverse is given by Cx- 

For the sake of completeness we give a proof of Theorem 14.101 assuming 
Theorem 14.81 and Theorem 14.91 in the rest of this subsection. 

Let M G Mod(DA(0)). We can take an exact sequence of the form 

Dx{^)®^^ DxiO)®-^^ ^ M ^ 0. 

By Theorem 14.81 (i) the functor Tx o Cx is right exact. By Theorem 14.91 we 
have TxCx{Dx{0)) ~ -0^(0). Thus we obtain a commutative diagram 

L)a(O)®-^^ ^ £'a(0)®^2 ^ M ^ 

Dx{Or'^ > DxiO)®'' > TxCxiM) > 

whose rows are exact. Hence the canonical morphism M TxCxiM) is an 
isomorphism. It follows that Id ^ Fa o Cx is an isomorphism. 

It remains to show that Cx^^x Id is an isomorphism. By Lemma 14.71 
the composition of 

Ta (La o Cx) o Fa = Fa o {Cx o Fa) Fa 

coincides with Id. Since Id ^ Fa o Cx is an isomorphism, the canonical 
morphism Fa o (Cx o Fa) Tx is an isomorphism. Let G A^a(-D). Setting 
= Ker{CxTxiN) ^ N), K2 = Cokei{CxTxiN) N) we have an exact 
sequence 

^ i^i ^ i:ArA(iv) ^N-^K2^o 

By applying the exact functor Fa we obtain 

TxiK^) ^ TxCxTxiN) ^ TxiN) ^ TxiK^) ^ 0. 

Since TxCxTx{N) Fa(A^) is an isomorphism, we have FA(-ft'i) = FA(-ft'2) = 
0, which implies Ki = K2 = hj Theorem 14.81 (ii). Hence Cx o Tx ^ Id is 
an isomorphism. 
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4.4 The key lemma 

Sections 14.41 and 14.51 are devoted to the proof of Theorem 14.81 The argu- 
ments are identical with those in Lunts-Rosenberg except for the usage 
of Proposition EUni which was a conjecture in [T2j. We shall reproduce the 
arguments in [I^ for the convenience of readers. 

Let A G A and M G ModA,A(-D). Let /i G A+. Regarding M as an object 
of ModA([/) via ()4.11|) we have a monomorphism 

and an epimorphism 

in }A{U) (see Section EIH). Taking F we obtain a monomorphism 
r(v) : T{uj*M) ^ r(a;*(E^ ®a M[-w^iJi])) 

and a morphism 

T{p^) : T{uj*{E>^ ®A M)) T{uj*M[^]) 
of [/-modules (note that f7(0) = U). 

Lemma 4.11. (i) Assume A + p G A+. Then there exists a splitting of 
r(i^) as U -modules, which is functorial with respect to M. 

(ii) Assume A G A+. Then r(p^) is surjective. 

Proof. By Lemma f4. 61 we may assume that the canonical morphism M 
uj^:Uj*M is an isomorphism. By Section EH] we have a filtration 

(4.22) {0} = iVo C iVi C ■ ■ ■ C iV„ C u^E^" ®a M) 

such that Nk/Nk_i ~ uj*M[i'k]®"^'' . Here z/^ and are as in Section f3.4[ 
We have 

uj,iu*{E'' ®A M) ^ ®A uj,uj*M c^E^^aM 
by Proposition I3.13| and hence by taking in ()4.22|) we obtain a filtration 

{0} = No C m C ■ ■ ■ C Nn C E^" ^A M 

of E^ ^A M G ModA(f/) with the exact sequence 
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In particular, the quotient Nk/N^-i is isomorphic to a subobject of M[z/fc]®'"'=. 
Hence we have 

z\{N,/N,_,m = Cx+u,Hi^) id {ze^, A) 

by (jnni). 

In general for a [/-module V and ^ G A we set 

V[^, (/:] = {v eV \ yz e^Bm^O such that {z - Q{z))"'v = 0}. 

We have {Nk/Nk^,m = i{Nk/Nk^,m)[h Cx+u,+^]- 

(i) Set /i' = wq^. Note 

r(a;*(E^ ®A M[-/i'])) = ®A M(-/i') = iV„( V), 
r(u;*M) = ®A M)(-/x') = Ari(-/i'). 

We have the canonical filtration 

{0} = No{-fi') C N,{-i^') C ■ ■ • C Ar„(-/i') = T{uj*{E^ ®a M[-/i'])) 

of T{u!*{Ef^ consisting of f/-submodules satisfying 

Ar,(V)/iVfc-i(V) = (Ar,(V)/iVfc-i(-/i'))[3,CA+.,-;.']. 
Let us show 

(4.23) Ca+.,-m' = Ca ^ k = l. 

By z/i = /i' we have Ca+i/i-^*' = Ca- Assume Cx+u^-ti' = Ca- By Proposition 
11.61 (i) there exists some w E W satisfying w{X + p) = X + p + Uk — fi' ■ By 
A + p G A+ we have A + p — w{\ + p) G . Since p' is the lowest weight, we 
have Uk— p' G Q^. Hence we obtain v^ — p' = 0, which implies k = 1. ()4.23|) 
is proved. From this we obtain the canonical direct sum decomposition 

Tiu^iE'^ ®aM[-p'])) = T{uj*M)® Yl i^i^*iE''^AM[-p']))[i,Q], 

which gives the desired sphtting. 

(ii) Note 

r(c^*(E'^ ®A M)) = E^'®aM = iV„(0), 
r{uj*M[p]) = {uj,uj*M[p]){0) = (M[p])(0) = M(p). 
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Consider the exact sequence 

^ iV„_i(0) ^ iV„(0) ^ M{fx) ^ i?icu,iV„_i(0). 

We have 

(4.24) M(^) = (M(^))[3,Ca+m]- 
By the exact sequence 

and i?^cu*(iVfc/iVfe_i)(0) ~ i?icu*(cj*M)(z/fc)®™fc we obtain 

k 

R'uj^NkiO) = 5^(i?^cu,iV,(0))[3,CA+.J. 
by Lemma f4. 61 In particular, we have 

n-l 

(4.25) R'u,Nn^i{0) = Y,iR'^*Nn-i{0))[^,Cx+.,]. 

k=i 

Hence it is sufficient to show 

(4.26) Cx+uk = Cx+fi k = n. 

We have = 1^ and hence Ca+i/^ = Cx+fi- Assume that (x+u^ = Cx+/i- By 
Proposition ll.6l fi) there exists some w & W satisfying w^X+p+Uk) = X+p+p. 
By A + p G A+ we have X + p — w{X + p) G Q^. Since p is the highest weight, 
we have p — wu^ G . Hence we obtain X + p — w{X + p) = 0. By A G A+ we 
have w = 1 and hence mu = Uk, which imphes k = n. ()4.26j) is proved. □ 

4.5 Proof of Theorem 14.81 

We first show the following. 

Lemma 4.12. Let M G ModA(A) and let m G T{uj*M). Then there exists a 
finitely generated graded A-suhmodule N of M such that m G r(ci;*A^). 

Proof. Let f : M uj^uj*M be the canonical morphism. Note that we 
have m G T{uo*M) = uj^uj*M{0) C uj^uj*M. By Coker(/) G TorA(A) there 
exists A G A+ such that A{X)m C Im(/). Take a finite-dimensional subspace 
V of M(A) such that f{V) = A{X)m. Set = E^gy C M, N' = 
Am C uj^uj*M, and let h : N —>■ N' be the morphism induced by /. Note 
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that uj*N and uj*N' are regarded as subobjects of uj*M and uj*{ijj^uj* M) 
respectively. Since uj* f is an isomorphism, uj*h is a monomorphism. Let 
m be the element of Coker(/i) corresponding to m. By definition we have 
A{X)m = {0}, and hence m belongs to Tor(Coker(/i)) by Lemma (2.21 Since 
Coker(/i) is generated by fn, we have Coker(/i) G TorA(A), and hence uj*h is 
an isomorphism. It follows that m G r(u;*A^') = r{uj*N). □ 

Let us give a proof of Theorem 14.81 (i) 

Let A G A such that A + p G A+, and let / : M ^ be an epimorphism 
in Aix{D). We need to show that r(/) : r(M) r(A^) is an epimorphism. 

We first show that there exist M,N G Mod\^\{D) and an epimorphism 
f : M ^ N such that 

(4.27) Tor(A^) = {0}, M = iu*M, N = uj*N, J = uj*f. 

Take M,N e ModA,A(I^) such that M = uj*M,N = uj*N. We may assume 
Tor(A^) = {0}. Then there exist L G ModA,A(-D) and morphisms s : L —>■ 
M, f : L N such that s_G S^, / = LU*f o {uj*s)''^. By replacing M 
with L we may assume that / = u!*f for some f : M N . Since / is an 
epimorphism, we have Tor(Coker(/)) = Coker(/). Hence by replacing A^ 
with Im(/) we may further assume that / is an epimorphism. The existence 
of M, A^, / as in ^7Fl\ is proved. 

Let n G r(A^). We need to show that n is contained in the image of 
r(M) — i> r(A^). By Lemma (4.121 there exists a finitely generated graded A- 
submodule A^i of A^ such that n G r(co'*A'i). Take a finitely generated graded 
yl-submodule Mi of M such that A^i = /(Mi). By Proposition ElSl there 
exists some v G A"*" such that 



is surjective. Set = —wqv G A+. By Proposition 13. L3I the vertical arrows 
of the commutative diagram 



V{uj*Mi[u]) 



^ E^'®aT{uj*{Ni[p])) 



^ V{uJ*{E^'®ANl[u])) 



are isomorphism, and hence 



V{uj*{E^ 0A Mi[z/])) ^ T{uj*{E^' 0A A^iM)) 
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is surjective. By ()3.4ip we can regard 

T(uj*Mi) > T(iu*Ni] 



T{u*M) 



T{uj*N) 



ClS db subdiaEfram of the commutative diagram 



Consider the commutative diagram 
T{uj*M) 



T{uj*N) 



IN 



T{uJ*{E^' ®aN[v])). 



Since n G T{uj*Ni), the surjectivity of h imphes iN{n) G Im(£). Then we 
obtain n G Im(/c) by the existence of the canonical sphtting of zm and iN 
assured in Lemma [4.111 (i). The proof of Theorem 14.81 (i) is complete. 
We next show Theorem 14.81 fii). 

Assume A G A"*", and let M be a non-zero object of A4x{D). Set M = 
ujJA. By uj*M = M 7^ we have M ^ TorA(v4), and hence r(u;*M[/i]) = 
uj^M{^) = M{ji) 7^ for sufficiently large G A+. Hence by Proposition 
IH.IHI and Lemma 14.111 (ii) we have 

V{n) ® T{u}*M) ~ E^" ®A T{uj*M) ^ V{u\E^' ®a M)) ^ 0. 

This implies T(M) = T{lu*M) ^ as desired. 

4.6 Verma modules 

Lemma 4.13. For any w & W the canonical homomorphism 
(4.28) S-^D Endf{S~^A) 

is injective. 
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Proof. Let s G and d G D, and assume that s^^d belongs to the kernel 
of ()4.28|) . Then d belongs to the kernel of ()4.28|) and hence it is contained 
in Ker(D Endf{A)). Since D is defined as a subalgebra of EndF(A), we 
have d = and hence s~^d = 0. □ 

For A G A we have 

S;,'Dx = (S)A (D ®iF[A] F) = (S^M (g)A D) ®F[A] F = S^^D ®F[A] F, 

where F[A] — * S~^D and F[A] F are given by e(/i) i-^ and e(yu) t-^ 
respectively. Hence we have 

(5^1Z}a)(0) = (5^^D)(0) ®F[A] F. 

Since the image of F[A] — >• (S'~^D)(0) is contained in the center of {S~^D){0), 
we have an F-algebra structure on {S~^Dx){0). Moreover, since the action 
of on (S~^A){\) is given by g'^'^'^Md, we have a natural left {S~^Dx){0)- 
module structure on {S^^A){X). Hence we obtain an algebra homomorphism 



(4.29) (5.'^a)(0) - EndK(5^iA)(A)) 

In the rest of this subsection we shall consider the case w = 1. 

Lemma 4.14. Let s ^ Si. The right multiplication rg E D is invertible in 
Si^D and the action of rj^ E Si^D on Si'^A is given by the right multipli- 
cation of G Si^A. 

Proof. We have s e A{iJ,)^ \ {0} for some yu G A+. Then = igdk^a-^ by 
Lemma mH Hence rj^ = cr^dk^^d-^^ G Si^D. For t E Si and G A we have 

r,(rV) = rsdt\v) = ^r'^.(^) = i^Vs 

by Tglt = ^t^s- Thus the action of on S^^A is given by the right mul- 
tiplication of s. Hence its inverse is given by the right multiplication by 
s-^. □ 

By definition the image D of the canonical injective algebra homomor- 
phism 

(4.30) ('5r^^)(0) ^ EndF(5f^A) 
is generated by 

(a) du for u E U, 
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(b) cr^ for /i G A, 

(c) : S^^A S^^A {iP ^ ipiP), where if G (5fM)(0). 
By Lemma [4.141 D also contains 

(d) : 5fM ^ 5fM (^Z- ^(^), where ip G (5f M)(0). 
Since D preserves (5'f^74)(^) for each ,^ G A, we have 

Here, we have identified (5f^A)(0 with F=0(0 by Proposition KTR In 
particular, F=^{^) is regarded as a [/-module. Note that is isomorphic 

to T*(^) as a [/-module by Proposition 13.221 
Set 

= 0{/ e End,(F^°(0) I /(i^=°(0.) C F^°(0.+. (V/i G A)}, 
EEdF(F^0(O*) 

= 0{/ e End,(F^°(0*) I /(i^=°(0;) C (V/x G A)}. 

Then we have an isomorphism of F-algebras 

Mf(F=°(0) ^ EMf(F=°(0*)°p (/i ^ 

Hence we obtain an embedding of F-algebras 

e-.D^H EndF(F^°(0*)°^ e{d) = {Qdd)heA, 
CeA 

(t;*,(e5(rf))(t;)) = {d{v*),v) {v* G G 

Since F=*^(^)* is isomorphic to Tr(^) as a right [/-module, it is a free right 
[/"•"-module generated by the element G F=°(,^)* given by 

(¥.,n^) = (¥.,l) (¥.GF^°(0). 

Here, ( , ) in the left hand side (resp. the right hand side) is the canonical 
paring F=°(0 x F=0(0* F (resp. F=° x [/=o ^ F). We shall identify 



63 



F=''(^)* with by (F=°(,^)* 3 n^u ^ u G U^). Hence we have an 
embedding of F-algebras 

Q:D^ J]EndiF(f/+)°P, Q{d) = {Q^{d))^^!,, 

(<^,(e5(rf))H) = {d{v),n^u) = {d{^),u) e F^°(0,^ e 

For X G f/+, /i G A we define M^, N,, G Endv{U+) by 

M^(?i) = ux, N^{u) = k^uk~^ {u G f/+). 
We define hnear maps 

F^°(0) 9 G EndF(f/+), F=°(0) 9 G EndF(f/+) 

by 

^^(w) = 5Z(<^,W(0))w(i) e F^°(0), u G f/+), 

(«)i 

Q^H = $^(^,«(i))^;'«(0) (7 e Q+, <^ G F=°(0)_^, u G ^7+). 

(«)l 

Note that P^{u),Q^{u) G f/+ by 

(4.31) A(u) G ^ A;^?7+ ® U+ [u G f/+), 

7eQ+ 

(4.32) 7 7^5 ^ (F^°(0)_„f//) = {0}. 
For z G / we define G F-°(0) by 

(<^„tM) = (m,/,) (tGf/°, ^iGf/+), 

where ( , ) in the right hand side is the paring ()1.3H) . For F G EndF(?7''') 
we define A(F) G fl^g^ EndF(f/''') as the corresponding diagonal element. 

Lemma 4.15. We have 

(4.33) 05(or^) = g('^'«)id (/iGA), 

(4.34) e(L^)=A(P^) (^GF^°(0)), 

(4.35) &{R^) = A{Q^)Q{a,) (7 G Q+, G F=°(0)_^), 

(4.36) 0(9,) = A(M,.) (x G f/+), 

(4.37) e(9,J = A(Ar„^)e(a^) (/. G A), 

(4.38) Q{dj^) = g~("-"')A(P^,Ar„je(a_«J - A(Q^je(a„J (z G /). 
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Proof. flOHll is easy. Let ^ e F=°(0, u e U+. For ^ e F=°(0) we have 
{ijj, {e^{L^)){u)) = {(fip,u) = ^((/?,M(o))(V^,M(i)) = {iIj,P^{u)) 

Ml 

and hence we obtain ()4.H4j) . Similarly, for (p G F=^{0)^j we have 

{tlj,{ei:{R^)){u)) = ^(^,U(i))(^/',U(o)) = {i),k^Q^{u)) = {i)k^,Q^{u)) 
Hi 

()4.35|) is proved. For a; G f/ we have 

{i),{Q(^{d^)){u)) = {xij,n^u) = {ij,n^ux). 

In case x G we have ux G t/"^, and we obtain ()4.Hfj|l . In case a; = /c^ for 
/X G A we have 

and hence ()4.37|1 is proved. In case x = fi for i G / we have 

= /i)("(2)' ki)kr^U(^i) + ^(M(0), 1)(M(2), 

(«)2 («)2 

- X^(w(0),l)(«(2),/i/^i)M(l) 

(«)2 

(m)i (u)i 

by |19t Lemma 2.1.2, Lemma 2.L3], and hence if m G f//, then 
n^ufi =n^(^(M(o), fi)k^^U(^i)) - n^{^{u^i), fiki)u(^o)) 

(m)i 

(m)i (u)i 

and we obtain ()4.38p . □ 

By fj4.29|) we obtain an algebra homomorphism 
(4.39) (S^'D^m ^ EndF(Tr(A))°P. 
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Proposition 4.16. The algebra homomorphism fl4.39|) is injective. 

Proof. Note that {S^^Dx){0) = D ®f[a] where F[A] D and F[A] ^ 
F are given by e(fi) and e(yu) t-^ qit^'^) respectively. The algebra 

homomorphism ()4.39|) is induced from Qx : D ^ Endf{U~^)°'^ under the 
identification Ti.(A) = . 

Let D be the subalgebra of EndF(f/^)°'' generated by the elements 
A(M,), A(Ag, A(P^), A_(_g^) for x E U+ , fi e A, ip E F^%0). By Lemma 
l4.L^l we have D C D, and D is generated as a subalgebra of H^sa EndF(?7"'")°P 
by d' and {cr^ | /i G A}. Let us show that the linear map 

D' (g) F[A] 3 d(» e(/i) ^ da^ET3 

is an isomorphism. The surjectivity is a consequence of the fact that cr^ 
belongs to the center of D. Assume that we have 'Y^^d^a^j^ = for d^ E d' . 
For any ^ G A and u E we have q^^'^^d^(u) = 0, from which we obtain 
dfj, = for any /i. Hence ® F[A] — D is bijective. It follows that 

and hence {S^^Dx){0) EndF(Tr(A))°P is injective. □ 

4.7 Proof of Theorem 14.91 

For A G A consider the sequence 

(4.40) U/Jx ^ DxiO) ^ Tico*Dx) ^ {S^'OxM ^ Endf{Z{\)r 

of algebra homomorphisms. We shall show that a is an isomorphism for any 
A G A and that (3 is an isomorphism if A + p G A"*". We need the following 
result due to Joseph jSj. 

Proposition 4.17 (Joseph). The homomorphism 

U/Jx -> EndF(Tr(A))°P 

is injective. 

We see easily that a is surjective by the definition of Dx- By Proposition 
14. 171 the composition 6 o'y o f] o a is injective. Hence a is an isomorphism and 
(3 is injective. It remains to show the surjectivity of (3 in the case A + p G A+. 
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Assume that we are given an F-algebra E and an algebra homomorphism 
f : U E. We have a left [/-module structure on E 

ue = f{u)e {u eU, e G E). 

given by the left multiplication. We have also another left [/-module structure 
on E 

ad(u)(e) = J2 /(«(o))e/(5u(i)) (u e U, e E E) 
(«)i 

called the adjoint action. Taking the [/-finite parts 

E^'' = {eeE\ dimFad([/)(e) < 00} 
oiE = U, Da(0), T{uj*Dx), {S^^Dx){0), Endw{Z{X))°P we obtain 

(4.41) [/^-^ ^ DxiOf"" ^ T{uj*Dxf'' ^ {S^'Dx){Of'' ^ (EndF(Tr(A))°P)«" 

We need the following result of Joseph [Wl Theorem 8.3.9 (ii)] which is a 
g-analogue of a theorem of N. Conze-Berline and M. Duflo. 

Proposition 4.18 (Joseph). The homomorphism 

U^'' (EndF(rr(A))°P)^'^ 

is surjective. 

As shown above (3 is injective, and hence /3 is injective. Since 6 is injective 
by Proposition 14. 16( 6 is also injective. Moreover, we have the injectivity of 
7 by Lemma 13.251 Hence Proposition 14.181 implies that /3, 7, 6 are isomor- 
phisms. 

Now we deduce the surjectivity of /5 from the surjectivity of /3. The 
assumption A + p G A"^ will be used in the arguments below. 

Let m G T{u*Dx). We shall show that m G Im(/3). By Lemma WT^ 
there exists a finitely generated graded A-submodule M of Dx such that 
m G T{uj*M). 

Let us show that the canonical morphism 

(4.42) M(z/) ^ T{uj*M[iy]) 

is surjective for sufficiently large u G A+. Since M is finitely generated, there 
exists an epimorphism 

n 
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in ModA(^) for some ^i, . . . , G A. Consider the commutative diagram 



e;^,r(o;M[e, + z/]) > V{u*M[v]). 

Assume that v G A+ is sufficiently large. Then the left vertical arrow is an 
isomorphism by Proposition l2.14[ and the lower horizontal arrow is surjective 
by Proposition 12. 131 Hence ()4.42|1 is surjective. 

Take v G A+ such that ()4.42|1 is surjective. Set /i = — wqz/, and consider 
the following commutative diagram (see 1)3.411) ): 

T{uj*M) > V{uj*{E>' ®aM[v])) 

k 

T{uj*Dx) T{uo*{E^^®aDx[u])). 
Since A + p G A"*", there exists a homomorphism 

of [/-modules such that j o z = id by Lemma [4.111 Here, the action of U on 
E^^ ®A D\ is given by 

(4.43) M- (eOd) = ^M(o)e(g)aJ^ {ueU,deD), 

(«)i 

where d denotes the element of Dx corresponding to d, and the one on 
r{uj*Dx) is given by the left multiplication. Hence it is sufficient to show 
Im(j ok) C Im(/5). By Proposition 13. 13l we have 

u;*cu*(E^ ®A M[v]) ~ E^" ®A uj,uj*{M[v]) ~ V{^) ® uo,uo*{M[v]), 

and hence r(cj*(E^ ®a M[z/])) 2i \/(/i) ® V{uj*{M\u])). Similarly we have 
T{uj*{E>' ®A Dx[u])) =i vl^i) ® T{uj*{Dx[y])). Consider the commutative 
diagram 

V{fi)®M{u) ^ V{^i)®Dx{v) 

i' I 
V{^) ® r(cu*(M[z/])) V{y.) ® Y[uj\Dx\v\)) 



V{uj\E^®AM\v\y) > V{uj\E^®aDxW). 

k 
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Since ()4.42|) is surjective, is also surjective. Hence it is sufficient to show 
that the image of the composition of 

is contained in Im(/?). We regard V{fi)^Dx{i^), r(u;*(E^(g)A^AH)), ^{i^*Dx) 
as right Z}A(0)-modules via the right multiphcation of -D(O) on D. Then i 
and (3 are homomorphisms of right DA(0)-modules by definition. Moreover, 
j is also a homomorphisms of right DA(0)-modules by the following reason. 
Recall that j is the projection with respect to the action of the center 3 of 
U. Here, the action of U on E'^ D\ is given by ()4.43p . and the one on 
T{uj*Dx) is given by the left multiplication. Since the action of U and the 
right action of -Da(O) on T{uj*{E^ ®a -DaH)) commute with each other, j is 
a homomorphism of right DA(0)-modules. Let 

r : A{v) ^ Da(z/) 

be the composition of A{y) ^ Diy) D\{u). Since D{u) is generated 
by A[i/) as a right D(0)-module, D\{u) is generated by r{A{u)) as a right 
L'A(0)-niodule. Hence it is sufficient to show {j otj{y{iJi)®r{A{u))) C Im(/?). 
We can regard Vi^jj) ® Dx{u) as a left fZ-module 

(4.44) u- {v®d) = ^ U(^o)V ® du^.^d {u e U, d e D{u)), 

Hi 

We can also regard V{fi) Dxiy) as a left [/-module by the adjoint action 
defined by 

a.<l{u){v®d) = '^U(o)V O du^^^ddsu(2) (u e U, deD{v)). 

{u)2 

Note that j o£ is a homomorphism of right i5A(0)-modules as well as a homo- 
morphism of left [/-modules, where the [/-module structure on V{n) ^Dxiy) 
is given by ()4.44|) and the one on T{uj*Dx) is given by the left multiplication. 
Hence jo£ also preserves the adjoint actions of U . Since V{n)®r{A{u)) is sta- 
ble under the adjoint action of [/, we have V{jji)®r{A{i')) C {y{jJi)®Dx{y))^'^ 
with respect to the adjoint action. It follows that 

(j o ^){y{^^) ® r(A(z/))) c (j o ^){{y{^l) ® z^a(^))'") c r(^*DA)'" 

C lm(^) C Im(/5). 
The proof of Theorem 14.91 is complete. 
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